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ON UNIFORM DECAY OF THE MAXWELL FIELDS
ON BLACK HOLE SPACE-TIMES
SARI GHANEM
Abstract. This is the second in a series of papers in which we take a system-
atic study of gauge field theories such as the Maxwell equations and the Yang-
Mills equations, on curved space-times. In this paper, we study the Maxwell
equations in the domain of outer-communication of the Schwarzschild black
hole. We show that if we assume that the middle components of the non-
stationary solutions of the Maxwell equations verify a Morawetz type esti-
mate supported around the trapped surface, then we can prove uniform decay
properties for components of the Maxwell fields in the entire exterior of the
Schwarzschild black hole, including the event horizon, by making only use of
Sobolev inequalities combined with energy estimates using the Maxwell equa-
tions directly. This proof is entirely gauge independent, and does not pass
through the scalar wave equation on the Schwarzschild black hole, and does
not need to separate the middle components for the Maxwell fields. However,
proving a Morawetz estimate directly using the Maxwell equations, without
refering to the scalar wave equation, seems to be out of reach of the mathe-
matical community as of today; which I was not able to solve yet in this work.
If one is able to prove the Morawetz estimate directly using the Maxwell equa-
tions, this combined with the present work would give full conceptual proof of
decay of the Maxwell fields on the Schwarzschild black hole, and would then be
in particular useful for the non-abelian case of the Yang-Mills equations where
the separation of the middle components cannot occur. The whole manuscript
is written in an expository way where we detail all the calculations.
1. Introduction
In this paper, we study the Maxwell equations on the Schwarzschild black hole.
In a recent paper, [DR1]-[DR2], Dafermos and Rodnianski proved decay for solu-
tions of the free scalar wave equation ✷gφ = 0 in the exterior of the Schwarzschild
black hole, up to points on the event horizon. We do not know how to make these
methods work for ✷gφ = φ or for ✷gφ = φ
2. Thus, this rules out the possibil-
ity of using these methods for the Maxwell equations in a hyperbolic formulation
where the source terms would be (✷gF )µν , where Fµν is the Maxwell field. In a
recent paper, [Bl], Blue proved decay for the Maxwell fields on the exterior of the
Schwarzschild background. The proof of Blue required a study of a wave equation
on the Schwarzschild space-time for the middle components, which can be separated
from the other components in the abelian case of the Maxwell equations. This was
later extended by Andersson and Blue to Kerr metrics, [AB]. However, in the non-
linear case of the Yang-Mills equations, one cannot decouple the middle components
from the others. Yet, it seems difficult to generalize the results of Dafermos and
1
2 SARI GHANEM
Rodnianski for the free scalar wave equation to the Maxwell equations using the
Maxwell energy-momentum tensor directly, without referring to the scalar wave
equation, combined with suitable Sobolev inequalities. A key step to achieve this
would be to bound the conformal energy without separating the so-called middle
components of the Maxwell fields. This would provide a new independent proof
and improves the result of Blue, and would be in particular useful for the non
abelian case of the Yang-Mills equations where such separation cannot occur. I
tried to do this in the goal of proving uniform boundedness for Yang-Mills fields
on the exterior of the Schwarzschild black hole and the Kerr metric. However, as
Klainerman pointed out to me later, many people tried to get a more conceptual
proof of decay for the Maxwell equations, without passing through the scalar wave
equation, and achieving this would be very significant. While I was not able to
solve this yet, in this paper I write a proof of decay for the Maxwell fields on the
exterior of the Schwarzschild space-time, directly without separating the middle
components or refering to the wave equation, assuming that we have a Morawetz
estimate at the 0-derivative level. However, as Andersson and Blue wrote in [AB],
proving a Morawetz estimate for the Maxwell field directly would be an important
advance in the field, which I did not achieve yet in the present work. To explain,
let us recall (see Appendix) that in the exterior, the Schwarzschild metric can be
written as,
ds2 = −(1− 2m
r
)dt2 +
1
(1− 2m
r
)
dr2 + r2(dθ2 + sin2(θ)dφ2)
If we define,
r∗ = r + 2m log(r − 2m)
v = t+ r∗
w = t− r∗
then, we have,
ds2 = −(1− 2m
r
)dvdw + r2dσ2
= − (1−
2m
r
)
2
dv
⊗
dw − (1 −
2m
r
)
2
dw
⊗
dv + r2dσ2
Let,
∂ˆ
∂w
=
1
(1− 2m
r
)
∂
∂w
(1)
∂ˆ
∂v
=
∂
∂v
(2)
∂ˆ
∂θ
=
1
r
∂
∂θ
(3)
∂ˆ
∂φ
=
1
r sin θ
∂
∂φ
(4)
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and at a point in the Schwarzschild space-time, let e1, e2 be a normalized basis of
S2, which verifies for all A,B ∈ {1, 2},
g(eA,
∂ˆ
∂w
) = g(eA,
∂ˆ
∂v
) = 0 (5)
g(eA, eB) = δAB (6)
In this context, by ”assuming a Morawetz estimate”, we mean exactly that for r0,
R0 as in the proof of (55), and for all ti = (1.1)
it0, where t0 is any real positive
number and i is any natural number, if we define:
J
(G)
F (ti ≤ t ≤ ti+1)(r0 < r < R0) =
∫ t=ti+1
t=ti
∫ r∗=R∗0
r∗=r∗0
∫
S2
[|Fvˆwˆ|2 + 1
4
|F
φˆθˆ
|2].dr∗dσ2dt
(7)
then, we assume that the non-stationary solutions verify
J
(G)
F (ti ≤ t ≤ ti+1)(r0 < r < R0) (8)
. |Eˆ(
∂
∂t
)
F (ti)|+ |Eˆ
( ∂
∂t
)
F (ti+1)|+
3∑
j=1
(|Eˆ(
∂
∂t
)
LΩjF
(ti)|+ |Eˆ(
∂
∂t
)
LΩjF
(ti+1)|)
where Ωj , j ∈ {1, 2, 3}, is a basis of angular momentum operators, and where
Eˆ
( ∂
∂t
)
F (t) =
∫ r∗=∞
r∗=−∞
∫
S2
[
1
r2(1− 2m
r
)
|Ftθ|2 + 1
r2(1− 2m
r
) sin2 θ
|Ftφ|2
+
1
r2(1 − 2m
r
)
|Fr∗θ |2 + 1
r2(1− 2m
r
) sin2 θ
|Fr∗φ |2]r2(1− 2m
r
)dσ2dr∗
(9)
that is the negative of the energy without the middle components Ftr∗ , Fθφ. The
only stationary solutions of the Maxwell equations on the exterior of the Schwarzschild
black hole, are the so-called Coulomb solutions. Hence, the assumption above is
assumed for the non-Coulomb solutions. Our proof would still work with any prod-
uct of Lie derivatives on the right hand side of (8), with adjusting accordingly the
quantities in the theorem that depend on the initial data.
We will prove that if the middle components of the non-stationary solutions verify a
Morzwetz type estimate at the zero-derivative level, (8), then we can prove uniform
decay properties of solutions to the Maxwell equations in the domain of outer-
communication of the Schwarzschild black hole space-time, including the event
horizon, by making use of suitable Sobolev inequalities combined with energy esti-
mates using the energy momentum tensor of the Maxwell fields. We do not make
any use of decomposition into spherical harmonics. We start with a Cauchy hyper-
surface prescribed by t = t0 where the initial data has to verify certain regularity
conditions (there is no vanishing condition on the bifurcate sphere for F ). Away
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from the horizon (in the region r ≥ R > 2m, for a fixed R), we will prove that
|Fµˆνˆ |(w, v, ω) ≤ C
(1 + |v|)
|Fµˆνˆ |(w, v, ω) ≤ C
(1 + |w|)
for all µˆ, νˆ ∈ { ∂ˆ
∂w
, ∂ˆ
∂v
, ∂ˆ
∂θ
, ∂ˆ
∂φ
}, where Fµν is the Maxwell field. Near the horizon,
and in the entire exterior region r ≥ 2m, up to points on the event horizon, we will
prove that
|Fvˆwˆ(v, w, ω)| ≤ C
max{1, v} , |Fe1e2 (v, w, ω)| ≤
C
max{1, v}
|Fvˆea(v, w, ω)| ≤
C
max{1, v} , |
√
1− 2m
r
Fwˆea(v, w, ω)| ≤
C
max{1, v}
To explain really thoroughly:
If one tries to generalize the proof of Dafermos and Rodnianski for the free scalar
wave equation to the Maxwell equations, on the Schwarzschild space-time, using
the Maxwell energy-momentum tensor instead, some of the difficulties that appear
are:
(1) In order to bound the conformal energy of the Maxwell fields and their
derivatives in the direction of Killing vector fields, one needs to control
a space-time integral near the trapped surface r = 3m, that involves the
so-called middle components of the Maxwell field (see (44)). In fact, the
terms in the space-time integral J (K), obtained by applying the divergence
theorem on the Morawetz vector field K = −w2 ∂
∂w
− v2 ∂
∂v
contracted with
the energy momentum tensor of the Maxwell fields, are non-negative in a
region r0 ≤ r ≤ R0 that contains r = 3m. It seems that this cannot be
controlled using these methods due to the presence of the other components
with the ”wrong” sign in the space-time integral generated from a space
type vector field of control (see (49)). Indeed, using the divergence theorem
with the vector field G = f(r∗) ∂
∂r∗
, where f is a bounded function, we will
obtain a space-time integral and boundary terms. However, the space-time
integral obtained from G has independent terms that do not appear in J (K)
that enter with the wrong sign, and hence it cannot be made positive. We
will prove that if we get past this, see assumption (8), we can can then
write a gauge independent proof of uniform decay of the Maxwell fields in
the exterior of the Schwarzschild black hole up to points on the horizon,
using the Maxwell equations directly.
(2) One needs to construct a new field which verifies the Maxwell equations and
the Bianchi identities, that coincides with the original field in some region
and vanishes identically outside another specific region (see the proof of
(58)). In the case of the wave equation ✷gφ = 0, one can multiply the initial
data in the Cauchy problem by a cut-off function, and consider the evolution
of such data to obtain a solution that verifies the wave equation and the
properties stated previously. In the case of the Maxwell and the Yang-Mills
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equations, if one multiplies the initial data by a cut-off function then the
constraint equations would not be satisfied anymore. It seems at first sight
that one cannot get a new field that verifies the needed properties. While
this is true if one wanted to do this for all components, nevertheless, one
can do this for all the components except to the Frt and Fθφ components,
where the multiplication should be at the level of the space derivative of
the components. Hence, one can construct a new field that can be made to
coincide with F in a certain region, and vanish outside another except to
these last components. The somewhat good news is that the calculations
show that these ”bad” terms do not appear in the boundary terms generated
from the divergence theorem applied to a space-like vector field contracted
with the energy-momentum tensor (see (52)). Hence, in our assumption (8),
we suppose that the space-time integral near the the trapped surface r =
3m of the middle components, can be bounded by the energy without the
middle components, which would be the case if this estimate was obtained
by controlling the space-time integral by boundary terms generated from
space type vector fields multiplied by a bounded functionr, as shown in
estimate (53). This is crucial to establish (58) that is the main estimate to
bound the conformal energy in (74).
(3) In order to prove decay for a generalized energy that would control the L2
norm of the fields near the horizon, one is confronted to a situation where
it seems crucial to control a space-time integral supported on a bounded
region in space near the event horizon, that contains all the components.
We overcome this by our assumption (8); it can also be used to bound the
space-time integral containing the other components as in (104).
Also, in addition to the above:
(4) As opposed to the case of the wave equation, the flux of a generalized energy
that controls the L2 norm of the fields near the horizon do not contain all
of their components. On v = constant hypersurfaces it contains only F
wˆθˆ
,
F
wˆφˆ
, Fvˆwˆ and Fθˆφˆ, and on w = constant hypersurfaces, it contains only
the components Fvˆwˆ, Fθˆφˆ, Fvˆθˆ and Fvˆφˆ. In addition, while using Sobolev
inequalities near the horizon, since ∂
∂v
and ∂
∂w
are not Killing this would add
an additional difficulty, while in the case of the wave equation, the squares
of these derivatives appear in the fluxes which are easily controlled. We get
around these problems by using suitable Sobolev type inequalities for each
component, combined with the Bianchi identities and the field equations, in
a way that the derivatives in the direction of ∂
∂v
and ∂
∂w
can be controlled
by Killing derivatives, ∂t and ∂Ωj , of the components that appear in the
flux to which we would have proved decay.
In the case of the Yang-Mills equations there is the additional impediment that
is the equations are non-linear. If one gets an energy identity for the Yang-Mills
fields, one cannot write directly the same energy identity for the derivatives of the
field in the direction of Killing vector fields, as opposed to the Maxwell fields, due
to the non-linearity of the equations.
More precisely, we will prove the following theorem,
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1.1. The statement.
Theorem 1. Let (M,g) be a maximally extended Schwarzschild space-time. We
know by then that the exterior of the black hole space-time, (M,g), is isometric to
(M,g) where,
g = −(1− 2m
r
)dt2 +
1
(1− 2m
r
)
dr2 + r2(dθ2 + sin2(θ)dφ2)
= − (1−
2m
r
)
2
dv
⊗
dw − (1−
2m
r
)
2
dw
⊗
dv + r2dσ2
Let, Σt=t0 be a Cauchy hypersurface prescribed by t = t0. In a system of coordinates,
let Fµν(w, v, ω) be the components of the Maxwell field defined as the solution of
the Cauchy problem of the Maxwell equations:
∇αFαβ = 0 (10)
∇αFβγ +∇βFγα +∇γFαβ = 0 (11)
where the initial data prescribed on the Cauchy hypersurface Σt=t0 verifies the
Maxwell constraint equations:
∇νFtν(t0, r, ω) = ∇νFµν( ∂
∂t
)µ(t0, r, ω) = 0
[∇rFθφ +∇θFφr +∇φFrθ](t0, r, ω) = 0
We assume that for r0 and R0 as in the proof of (55), (r0 ≤ 3m ≤ R0), and for
all ti = (1.1)
it0, where t0 is any real positive number and i is any natural number,
the non-stationary solutions verify∫ t=ti+1
t=ti
∫ r∗=R∗0
r∗=r∗0
∫
S2
[|Fvˆwˆ|2 + 1
4
|F
φˆθˆ
|2].dr∗dσ2dt (12)
. |Eˆ(
∂
∂t
)
F (ti)|+ |Eˆ
( ∂
∂t
)
F (ti+1)|+
3∑
j=1
(|Eˆ(
∂
∂t
)
LΩjF
(ti)|+ |Eˆ(
∂
∂t
)
LΩjF
(ti+1)|)
where Ωj, j ∈ {1, 2, 3}, is a basis of angular momentum operators, and where
Eˆ
( ∂
∂t
)
F (t) =
∫ r∗=∞
r∗=−∞
∫ 2π
φ=0
∫ π
θ=0
2[(1− 2m
r
)2(|F
wˆθˆ
|2 + |F
wˆφˆ
|2) + |F
vˆθˆ
|2 + |F
vˆφˆ
|2].r2 sin(θ)dθdφdr∗
that is the energy without the middle components Fvˆwˆ and Fθˆφˆ.
Remark 1.2. Our proof would work with any arbitrary product of Lie derivatives
of F on the right hand side of assumption (12), with an adjustment on the initial
data accordingly.
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Then, we have,
|Fvˆwˆ(v, w, ω)| ≤ C
max{1, v} , |Fe1e2(v, w, ω)| ≤
C
max{1, v}
|Fvˆea(v, w, ω)| ≤
C
max{1, v} , |
√
1− 2m
r
Fwˆea(v, w, ω)| ≤
C
max{1, v}
in the entire exterior region, up to points on the horizon, under certain regularity
conditions on the initial data prescribed in what follows, to which we also add the
assumption that their limit goes to zero at spatial infinity on the initial slice Σt=t0 .
More precisely, away from the horizon (in the region r ≥ R > 2m), we have,
|Fµˆνˆ |(w, v, ω) . EF
(1 + |v|)
and,
|Fµˆνˆ |(w, v, ω) . EF
(1 + |w|)
for all normalized components µˆ, νˆ ∈ { ∂ˆ
∂w
, ∂ˆ
∂v
, ∂ˆ
∂θ
, ∂ˆ
∂φ
}, and where EF is defined by,
EF = [
1∑
i=0
5∑
j=0
E
( ∂
∂t
)
rj(L/ )j(Lt)iF (t = t0) + E
( ∂
∂t
)
r6(L/ )6F (t = t0)
+
1∑
i=0
4∑
j=0
E
(K)
rj(L/ )j(Lt)iF (t = t0) + E
(K)
r5(L/ )5F (t = t0)]
1
2
where L/ is the Lie derivative restricted on the 2-spheres, and where,
E
(K)
F (ti) =
∫ r∗=∞
r∗=−∞
∫ 2π
φ=0
∫ π
θ=0
(w2(1− 2m
r
)2[|F
wˆθˆ
|2 + |F
wˆφˆ
|2] + v2[|F
vˆθˆ
|2 + |F
vˆφˆ
|2]
+(ω2 + v2)(1 − 2m
r
)[|Fvˆwˆ|2 + |Fφˆθˆ|2])r2 sin(θ)dθdφdr∗
and where,
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E
( ∂
∂t
)
F (t = t0) =
∫ r∗=∞
r∗=−∞
∫ 2π
φ=0
∫ π
θ=0
2[(1− 2m
r
)2(|F
wˆθˆ
|2 + |F
wˆφˆ
|2) + |F
vˆθˆ
|2 + |F
vˆφˆ
|2
+(1− 2m
r
)(|Fvˆwˆ|2 + |Fφˆθˆ|2)].r2 sin(θ)dθdφdr∗
We expect the angular momentum derivatives, or any other Killing derivatives, in
the assumption (8) to come out due to the presence of the trapped surface r = 3m.
Hence, we also assume - although we can make the proof without the following
assumption by using only (8) with the price of losing more derivatives on the initial
data - that the solutions we are looking at verify
∫ t=ti+1
t=ti
∫ r∗=R∗0
r∗=r∗0
∫
S2
[|Fvˆwˆ|2 + 1
4
|F
φˆθˆ
|2].|r∗ − (3m)∗|.dr∗dσ2dt . |Eˆ(
∂
∂t
)
F (ti)|+ |Eˆ
( ∂
∂t
)
F (ti+1)|
(13)
Then, near the horizon (in the region 2m ≤ r ≤ R), we have,
|Fvˆwˆ(v, w, ω)| . E1
max{1, v} , |Fe1e2(v, w, ω)| .
E1
max{1, v}
|Fvˆea(v, w, ω)| .
E2
max{1, v} , |
√
1− 2m
r
Fwˆea(v, w, ω)| .
E2
max{1, v}
for a ∈ {1, 2}, and where,
E1 = [
6∑
j=0
E
( ∂
∂t
)
rj(L/ )jF (t = t0) +
5∑
j=0
E
(K)
rj(L/ )jF (t = t0) +
3∑
j=1
E
#( ∂
∂t
)
rj(L/ )jF (t = t0)]
1
2
where,
E
#( ∂
∂t
)
F (t = t0) =
∫ r∗=∞
r∗=−∞
∫
S2
[(1− 2m
r
)(|F
wˆθˆ
|2 + |F
wˆφˆ
|2) + (|F
vˆθˆ
|2 + |F
vˆφˆ
|2)
+(|Fvˆwˆ|2 + |Fφˆθˆ|2)].r2dσ2dr∗(t = t0)
and where,
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E2 = [E
2
F +
1∑
i=0
2∑
j=1
E
#( ∂
∂t
)
rj(L/ )j(Lt)iF (t = t0) + E
#( ∂
∂t
)
r3(L/ )3F (t = t0)]
1
2
= [
1∑
i=0
5∑
j=0
E
( ∂
∂t
)
rj(L/ )j(Lt)iF (t = t0) + E
( ∂
∂t
)
r6(L/ )6F (t = t0)
+
1∑
i=0
4∑
j=0
E
(K)
rj(L/ )j(Lt)iF (t = t0) + E
(K)
r5(L/ )5F (t = t0)
+
1∑
i=0
2∑
j=1
E
#( ∂
∂t
)
rj(L/ )j(Lt)iF (t = t0) + E
#( ∂
∂t
)
r3(L/ )3F (t = t0)]
1
2
1.3. Strategy of the proof.
We decompose our proof of decay for the Maxwell fields, on the Schwarzschild black
hole, into two parts. The first proves decay away from the horizon (in the region
r ≥ R where R > 2m, arbitrarily fixed), and the second part deals with the region
near the horizon (2m ≤ r ≤ R).
1.3.1. In the first part. All integrations will be done on spacelike hypersurfaces
prescribed by t = constant, and space-time integrals will be understood as integrals
on a region bounded by those hypersurfaces. The starting point of our proof is a
suitable use of Sobolev inequalities. Sobolev inequalities permit one to bound the
L∞ norm of the square of the Maxwell field (the square is taken with respect to the
scalar product on the Lie algebra < , >), by the L2 norm of the Maxwell field and
its derivatives up to some order. And yet, the L2 norm of the Maxwell fields and
their derivatives in the direction of Killing vector fields can be controlled away from
the horizon by the energy E(
∂
∂t
) of those (energy obtained from the vector field ∂
∂t
).
We lose control on the L2 norm of the components Fvˆwˆ, Fθˆφˆ, Fwˆθˆ, Fθˆφˆ of those
fields near the horizon due to the presence of the (1− 2m
r
) term (that vanishes at the
horizon) that appears in the expression of the energy. And so, since the covariant
derivatives of the Maxwell fields in the direction of non-Killing vector fields can be
transformed into covariant derivatives in the direction of Killing vector fields by
using the field equations and the Bianchi identities, one can bound the L2 norm
of those fields by their energy which is conserved, because we have conservation of
energy for the Maxwell equations and therefore for their Killing derivatives because
the Maxwell equations are linear. This way, we can bound the Maxwell fields away
from horizon.
However, if we prove decay of the local L2 norms of the Maxwell fields and their
derivatives in the direction of Killing vector fields, we can prove decay of the
Maxwell fields. The key point is that the L2 norms here can be taken to be space
integrals on only a bounded region. This way, away from the horizon, they can be
controlled by a piece of the energy integral, that is the energy as a space integral
without integrating on the whole space, but only on the bounded region (this is
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because the terms that appear in the space integral of the energy are exactly the
squares of the Maxwell fields, multiplied by the term (1− 2m
r
) for some components).
These energies taken on a bounded region of space, can be bounded by the con-
formal energy (obtained by taking the Morawetz vector field K = −ω2 ∂
∂ω
− v2 ∂
∂v
)
divided by the minimum on that region of v2 and w2 (see (72)). Consequently, if
we bound the conformal energy, we have shown so far how one can possibly obtain
decay from this of solutions to the Maxwell equations away from the horizon.
To bound the conformal energy of the Maxwell fields and their derivatives in the
direction of Killing vector fields, we proceed as follows:
(1) We will use the space-time integral J
(G)
F in our assumption (8), of which
the terms are positive, to control J
(K)
F (the space-time integral obtained by
using the divergence theorem on the Morawetz vector field K contracted
with the energy momentum tensor of the Maxwell fields) in the following
sense, see estimate (55):
J
(K)
F (ti ≤ t ≤ ti+1) . ti+1J (G)F (ti ≤ t ≤ ti+1)(r0 < r < R0) (14)
and from our assumption (8), we have
J
(G)
F (ti ≤ t ≤ ti+1)
. |Eˆ(
∂
∂t
)
F (ti)|+ |Eˆ
( ∂
∂t
)
F (ti+1)|+
3∑
j=1
(|Eˆ(
∂
∂t
)
LΩjF
(ti)|+ |Eˆ(
∂
∂t
)
LΩjF
(ti+1)|)
where Ωj , j ∈ {1, 2, 3}, is a basis of angular momentum derivatives, and
Eˆ
( ∂
∂t
)
F (t) is the energy without the middle components, see (9).
(2) We construct a new field, Fˆ , such that it verifies the Maxwell equations and
the Bianchi identities, and it coincides with the original field in some region
and vanishes identically outside another specific region for the components
which appear in the boundary terms Eˆ
( ∂
∂t
)
F (t), so that we could write:
|Eˆ(
∂
∂t
)
Fˆ
(t)| . E
(K)
F (t)
t2
(15)
and consequently (see (58)):
J
(G)
F (ti ≤ t ≤ ti+1)(r0 < r < R0)
.
1
t2i
E
(K)
F (t = ti) +
1
t2i
∑
j
E
(K)
ΩjF
(t = ti) (16)
+
1
t2i+1
E
(K)
F (t = ti+1) +
1
t2i+1
∑
j
E
(K)
ΩjF
(t = ti+1)
For ti such that ti+1 = (1.1)ti (where i is an integer), and |r∗(r0)| +
|r∗(R)| ≤ 0.4ti, we can make use of the divergence theorem to properly
commutate these inequalities, and use the fact that the series
∑
i
ti
con-
verges, to establish a uniform bound on the conformal energy that depends
MAXWELL ON BLACK HOLES 11
on the initial data and its Killing Lie derivatives derivatives. We obtain
(74):
E
(K)
F (t)
. E
( ∂
∂t
)
F,rL/ F,r2(L/ )2F,r3(L/ )3F (t = t0) + E
(K)
F,rL/ F,r2(L/ )2F (t = t0) = E
M
F
(17)
1.3.2. In the second part. To obtain decay near the horizon, we are go-
ing to integrate in rectangles in the Penrose diagram representing the ex-
terior of the Schwarzschild black hole, of which one side is included in
the horizon. We will apply the divergence theorem with the vector field
H = − h(r∗)
(1− 2m
r
)
∂
∂w
−h(r∗) ∂
∂v
contracted with the energy momentum tensor of
the Maxwell fields, where h ≥ 0 is supported in the region 2m ≤ r ≤ (1.2)r1
for r1 chosen such that, 2m < r0 ≤ r1 < (1.2)r1 < 3m, and where h is such
that limr∗→−∞ h(r
∗) = 1, and for r ≤ r1, we have h > 0, h′ ≥ 0, h′ ≤ 2mr2 h,
(1 − 2m
r
)3
r
h ≤ h′, and (1 + 6m
r2
)h ≤ 2mh′(r−2m) . By applying the divergence
theorem in the rectangles described previously with H defined as such, we
get that the flux through the hypersurfaces prescribed by v = constant is
roughly speaking the L2 norms of
√
1− 2m
r
F
wˆθˆ
and
√
1− 2m
r
F
wˆφˆ
, and the
L2 norms of
√
1− 2m
r
Fvˆwˆ and
√
1− 2m
r
F
θˆφˆ
. In addition, we get a space-
time integral supported near the event horizon −I(H)F , of which the terms
are roughly speaking the squares of F
wˆθˆ
, and F
wˆφˆ
, and roughly a factor
that goes to zero when r goes to 2m multiplied by the squares of Fvˆwˆ, Fθˆφˆ,
F
vˆθˆ
, and F
vˆφˆ
.
(3) In order to prove decay for the flux of H , that is a generalized energy
that would control the L2 norm of some components of the fields near the
horizon, one is confronted to a situation where it seems crucial to control
a space-time integral supported on a bounded region in space near the
event horizon, that contains the non-middle components. This could be
overcome by the assumed Morawetz estimate, (8), that could be used to
bound the space-time integral of the non-middle components as well. Just
to simplify the calculations we assume that we have (13), since we expect
the derivatives in assumption (8) to come out due to the trapped surface
r = 3m, i.e.∫ t=ti+1
t=ti
∫ r∗=R∗0
r∗=r∗0
∫
S2
[|Fvˆwˆ|2 + 1
4
|F
φˆθˆ
|2].|r∗ − (3m)∗|.dr∗dσ2dt
. |Eˆ(
∂
∂t
)
F (ti)|+ |Eˆ
( ∂
∂t
)
F (ti+1)| (18)
Hence, away from the horizon, in r ≥ r1, the space-time integral, |I(H)F |,
can be bounded by the standard energy supported on a bounded region
in space, to which one can prove decay due to the boundedness of the
conformal energy that we would have already established in the first part.
Near the horizon, in r ≤ r1, the choices h′ ≥ 0, h′ ≤ 2mr2 h, (1− 2mr )3rh ≤
h′ were constructed on purpose to obtain 0 ≤ −I(H)F (r ≤ r1). This last fact
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will lead to an inequality on −I(H)F , that involve the flux of the standard en-
ergy that one can bound, and that from the vector field H on v = constant
hypersurface, (107), for vi = ti + r
∗
1 , and wi = ti − r∗1 , where ti is defined
as in the first part, ti = (1.1)
it0:
−I(H)F (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)(r ≤ r1)
−F (H)F (v = vi+1)(wi ≤ w ≤ ∞)− F (H)F (w =∞)(vi ≤ v ≤ vi+1)
. F
( ∂
∂t
)
F (w = wi)(vi ≤ v ≤ vi+1)− F (H)F (v = vi)(wi ≤ w ≤ ∞)
+|E(
∂
∂t
)
F (−(0.85)ti ≤ r∗ ≤ (0.85)ti)(t = ti)||
(19)
Using the Cauchy stability one can bound the flux from H by the initial
data prescribed on the initial Cauchy hypersurface, and hence bound the
space-time integral −I(H)F (r ≤ r1). In addition, we can prove inequality
(111):
inf
vi≤v≤vi+1
−F (H)F (v)(wi ≤ w ≤ ∞)
.
−I(H)F (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)(r ≤ r1)
(vi+1 − vi)
+ sup
vi≤v≤vi+1
F
( ∂
∂t
)
F (v)(wi ≤ w ≤ ∞)(r ≥ r1) (20)
To prove decay to the flux from H on v = constant hypersurfaces near
the horizon and on w = constant hypersurfaces on a segment of fixed length
in v, we apply the last two inequalities above in the rectangle prescribed by
[vi, vi+1].[wi,∞], and we commutate them properly. This will lead to decay
in v+ = max{1, v} of the flux from H on v = constant near the horizon,
and on w = constant hypersurfaces with a fixed length in v, as shown in
estimates (119) and (120)):
−F (H)F (v)(2m ≤ r ≤ R) .
[|E(
∂
∂t
)
F |+ E
#( ∂
∂t
)
F (t = t0) + E
M
F ]
v2+
(21)
and,
−F (H)F (w)(v − 1 ≤ v ≤ v) .
[|E( ∂∂t )F |+ E
#( ∂
∂t
)
F (t = t0) + E
M
F ]
v2+
(22)
Finally:
(4) To prove decay for the normalized components Fvˆwˆ and Fe1e2 we make use
of a Sobolev inequality restricted on w = constant hypersurfaces with a
fixed length in v. Using the field equations, the L2 norms of derivatives in
the direction of ∂
∂v
can be controlled by the L2 norms of Fvˆe1 , Fvˆe2 and
of their angular derivatives, and of Fvˆwˆ and Fe1e2 . This leads to a bound
by the flux obtained from H on w = constant hypersurfaces, of F and its
angular momentum derivatives. Since, those are Killing derivatives, and
since the Maxwell equations are linear, and we proved decay of for the flux,
this leads to the desired result.
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We do the same to prove decay for the components Fvˆe1 and Fvˆe2 except
that this time, the L2 norms of the derivatives in the direction of ∂
∂v
can
be bounded by the L2 norms of the time derivatives of Fvˆe1 , Fvˆe2 , and
of the angular derivatives of Fvˆwˆ, Fe1e2 , and of Fvˆe1 , Fvˆe2 , using the field
equations and the Bianchi identities.
The components
√
1− 2m
r
Fwˆe1 and
√
1− 2m
r
Fwˆe2 can be controlled
by using a Sobolev inequality where we integrate on the hypersurfaces
v = constant. As a result of direct computation using the field equations
and the Bianchi identities, the L2 norms of derivatives in the direction of
∂
∂w
can be controlled by the L2 norms of time derivatives of
√
1− 2m
r
Fwˆe1 ,√
1− 2m
r
Fwˆe2 , of angular derivatives of
√
1− 2m
r
Fvˆwˆ,
√
1− 2m
r
Fe1e2 , and
of
√
1− 2m
r
Fwˆe1 ,
√
1− 2m
r
Fwˆe2 . Making use of the decay of the flux from
the vector fieldH on v = constant, we obtain decay of these local L2 norms,
and hence we prove pointwise decay for
√
1− 2m
r
Fwˆea , a ∈ {1, 2}.
In order to cover the whole exterior region in theorem (1), we chose in the first part
R = r1, and we can choose r1 = r0.
Remark 1.4. The whole manuscript is written in an expository way, where we detail
all the calculations, and we show standard material in the Appendix.
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2. Conservation Laws
Let Ψµν be a an anti-symmetric two tensor valued in the Lie algebra. Consider the
energy-momentum tensor
Tµν(Ψ) =< Ψµβ ,Ψν
β > −1
4
gµν < Ψαβ,Ψ
αβ > (23)
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Considering the Schwarzschild time t
′
(see (141) in Appendix), and considering two
spacelike hypersurfaces Σ
t
′
1
, Σ
t
′
2
, t
′
2 > t
′
1. We consider the region B = J
+(Σ
t
′
1
) ∩
J−(Σt′2
)∩D, where D is the closure of the exterior region of the black hole, known
as the domain of outer-communication of the black hole.
Considering a vector field V ν we let
Jµ(V ) = V
νTµν = TµV
We have,
∇µJµ(V ) = ∂µTµV − T (∇µeµ, V ) = ∇µTµV + T (eµ,∇µV )
Hence,
∇µJµ(V ) = ∇µTµV + T (eµ,∇µV )
= V ν(∇µTµν) + (∇µV ν)Tµν
= V ν(∇µTµν) + πµνTµν
(by symmetry of T )
Applying the divergence theorem on Jµ(V ) in the region B bounded to the past by
Σ
t
′
1
and to the future by Σ
t
′
2
, and by a null hypersurface N , we obtain:
∫
B
V ν(∇µTµν)dVB +
∫
B
πµν(V )TµνdVB =
∫
Σ
t
′
1
Jµ(V )n
µdVΣ
t
′
1
−
∫
Σ
t
′
2
Jµ(V )n
µdVΣ
t
′
2
−
∫
N
Jµ(V )n
µ
NdVN (24)
where nµ are the unit normal to the hypersurfaces Σ, nµN is any null generator of
N , dVΣ are the induced volume forms and dVN is defined such that the divergence
theorem applies.
Considering the Maxwell field F , as it verifies (10) and (11), we have
∇νTµν(F ) = 0 (25)
Also, considering the spherical symmetry of the Schwarzschild black hole, the an-
gular momentum operators are Killing and therefore LΩjF verifies the Maxwell
equations(10) and (11), and thus
∇νTµν(LΩjF ) = 0
where Ωj is a basis of angular momentum operators, j ∈ {1, 2, 3}.
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And given that ∂
∂t
is Killing, we have
∇νTµν(LtF ) = 0
Taking Ψ any product of Lt, LΩi , and F , where Ωi, i ∈ {1, 2, 3}, is a basis of angular
momentum operators, we get that Ψ satisfies the Maxwell equations (10) and (11)
since ∂
∂t
and Ωj , j ∈ {1, 2, 3} are Killing vector fields and therefore. Hence,
∇νTµν(Ψ) = 0 (26)
Let,
µ =
2m
r
(27)
Now, let’s compute,
< Ψαβ,Ψ
αβ >
= < Ψwα,Ψ
wα > + < Ψvα,Ψ
vα > + < Ψθα,Ψ
θα > + < Ψφα,Ψ
φα >
=
−2
(1− µ) < Ψwα,Ψv
α > +
−2
(1− µ) < Ψvα,Ψw
α > +
1
r2
< Ψθα,Ψθ
α >
+
1
r2 sin2 θ
< Ψφα,Ψφ
α >
=
−2
(1− µ) < Ψwθ,Ψv
θ > − 2
(1− µ) < Ψwφ,Ψv
φ > − 2
(1− µ) < Ψwv,Ψv
v >
− 2
(1− µ) < Ψvθ,Ψw
θ > − 2
(1− µ) < Ψvφ,Ψw
φ > − 2
(1− µ) < Ψvw,Ψw
w >
+
1
r2
< Ψθv,Ψθ
v > +
1
r2
< Ψθw,Ψθ
w > +
1
r2
< Ψθφ,Ψθ
φ >
+
1
r2 sin2 θ
< Ψφv,Ψφ
v > +
1
r2 sin2 θ
< Ψφw,Ψφ
w > +
1
r2 sin2 θ
< Ψφθ,Ψφ
θ >
=
−2
r2(1− µ) < Ψwθ,Ψvθ > −
2
r2 sin2 θ(1− µ) < Ψwφ,Ψvφ > +
4
(1− µ)2 < Ψwv,Ψvw >
− 2
r2(1− µ) < Ψvθ,Ψwθ > −
2
r2 sin2 θ(1 − µ) < Ψvφ,Ψwφ > +
4
(1− µ)2 < Ψvw,Ψwv >
− 2
r2(1− µ) < Ψθv,Ψθv > −
2
r2(1− µ) < Ψθw,Ψθw > +
1
r4 sin2 θ
|Ψθφ|2
− 2
r2 sin2 θ(1− µ) < Ψφv,Ψφw > −
2
r2 sin2 θ(1 − µ) < Ψφw,Ψφv > +
1
r4 sin2 θ
|Ψφθ|2
=
−8
r2(1− µ) < Ψwθ,Ψvθ > −
8
r2 sin2 θ(1− µ) < Ψwφ,Ψvφ > −
8
(1− µ)2 |Ψvw|
2 +
2
r4 sin2 θ
|Ψφθ|2
Computing,
Tww = < Ψwβ,Ψw
β > −1
2
gww < Ψαβ ,Ψ
αβ >
= < Ψwv,Ψw
v > + < Ψwθ,Ψw
θ > + < Ψwφ,Ψw
φ >
=
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2
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Tvv = < Ψvα,Ψv
α >
= < Ψvw,Ψv
w > + < Ψvθ,Ψv
θ > + < Ψvφ,Ψv
φ >
=
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2
Tvw
= < Ψvα,Ψw
α > −1
4
gvw < Ψαβ,Ψ
αβ >
= < Ψvw,Ψw
w > + < Ψvθ,Ψw
θ > + < Ψvφ,Ψw
φ > −1
4
gvw < Ψαβ,Ψ
αβ >
=
−2
(1− µ) < Ψvw,Ψwv > +
1
r2
< Ψvθ,Ψwθ > +
1
r2 sin2 θ
< Ψvφ,Ψwφ >
+
(1− µ)
8
[
−8
r2(1− µ) < Ψwθ,Ψvθ > −
8
r2 sin2 θ(1− µ) < Ψwφ,Ψvφ >
− 8
(1− µ)2 |Ψvw|
2 +
2
r4 sin2 θ
|Ψφθ|2]
=
2
(1− µ) |Ψvw|
2 +
1
r2
< Ψvθ,Ψwθ > +
1
r2 sin2 θ
< Ψvφ,Ψwφ >
− 1
r2
< Ψwθ,Ψvθ > − 1
r2 sin2 θ
< Ψwφ,Ψvφ >
− 1
(1− µ) |Ψvw|
2 +
(1− µ)
4r4 sin2 θ
|Ψφθ|2
=
1
(1− µ) |Ψvw|
2 +
(1− µ)
4r4 sin2 θ
|Ψφθ|2
Tθθ
= < Ψθα,Ψθ
α > −1
4
gθθ < Ψαβ,Ψ
αβ >
= < Ψθv,Ψθ
v > + < Ψθw,Ψθ
w > + < Ψθφ,Ψθ
φ >
−r
2
4
[
−8
r2(1− µ) < Ψwθ,Ψvθ > −
8
r2 sin2 θ(1 − µ) < Ψwφ,Ψvφ >
− 8
(1− µ)2 |Ψvw|
2 +
2
r4 sin2 θ
|Ψφθ|2]
=
−2
(1 − µ) < Ψθv,Ψθw > −
2
(1− µ) < Ψθw,Ψθv > +
1
r2 sin2 θ
|Ψθφ|2
+
2
(1− µ) < Ψwθ,Ψvθ > +
2
sin2 θ(1− µ) < Ψwφ,Ψvφ >
+
2r2
(1− µ)2 |Ψvw|
2 − 1
2r2 sin2 θ
|Ψφθ|2
=
−2
(1 − µ) < Ψθv,Ψθw > +
2
sin2 θ(1 − µ) < Ψwφ,Ψvφ >
+
2r2
(1− µ)2 |Ψvw|
2 +
1
2r2 sin2 θ
|Ψφθ|2
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Tφφ
= < Ψφα,Ψφ
α > −1
4
gφφ < Ψαβ ,Ψ
αβ >
= < Ψφv,Ψφ
v > + < Ψφw,Ψφ
w > + < Ψφθ,Ψφ
θ >
−r
2 sin2 θ
4
[
−8
r2(1− µ) < Ψwθ,Ψvθ > −
8
r2 sin2 θ(1 − µ) < Ψwφ,Ψvφ >
− 8
(1− µ)2 |Ψvw|
2 +
2
r4 sin2 θ
|Ψφθ|2]
=
−2
(1− µ) < Ψφv,Ψφw > −
2
(1− µ) < Ψφw,Ψφv > +
1
r2
|Ψθφ|2
+
2 sin2 θ
(1− µ) < Ψwθ,Ψvθ > +
2
(1− µ) < Ψwφ,Ψvφ >
+
2r2 sin2 θ
(1 − µ)2 |Ψvw|
2 − 1
2r2
|Ψφθ|2
=
−2
(1− µ) < Ψφv,Ψφw > +
2 sin2 θ
(1− µ) < Ψwθ,Ψvθ >
+
2r2 sin2 θ
(1 − µ)2 |Ψvw|
2 +
1
2r2
|Ψφθ|2
This gives,
παβTαβ
= Tωωπ
ωω + Tvvπ
vv + 2Tvωπ
vω + Tθθπ
θθ + Tφφπ
φφ
= [
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2]( −2
(1 − µ)∂vV
w)
+[
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( −2
(1 − µ)∂wV
v)
+2[
1
(1− µ) |Ψvw|
2 +
(1− µ)
4r4 sin2 θ
|Ψφθ|2]( −1
(1 − µ) [∂vV
v + ∂wV
w +
m
r2
(V v − V w)])
+[
−2
(1− µ) < Ψθv,Ψθw > +
2
sin2 θ(1− µ) < Ψwφ,Ψvφ >
+
2r2
(1− µ)2 |Ψvw|
2 +
1
2r2 sin2 θ
|Ψφθ|2]( (1 − µ)
2r3
(V v − V w))
+[
−2
(1− µ) < Ψφv,Ψφw > +
2 sin2 θ
(1− µ) < Ψwθ,Ψvθ >
+
2r2 sin2 θ
(1− µ)2 |Ψvw|
2 +
1
2r2
|Ψφθ|2]( (1− µ)
2r3 sin2 θ
(V v − V w))
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= [
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2]( −2
(1 − µ)∂vV
w)
+[
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( −2
(1 − µ)∂wV
v)
+[
1
(1− µ) |Ψvw|
2 +
(1 − µ)
4r4 sin2 θ
|Ψφθ|2]( −2
(1− µ) [∂vV
v + ∂wV
w +
m
r2
(V v − V w)])
+[
4r2
(1− µ)2 |Ψvw|
2 +
1
r2 sin2 θ
|Ψφθ|2]( (1− µ)
2r3
(V v − V w))
Thus,
παβ(V )Tαβ(Ψ)
= [
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2]( −2
(1 − µ)∂vV
w) (28)
+[
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( −2
(1 − µ)∂wV
v)
+[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2](−2[∂vV v + ∂wV w + (3µ− 2)
2r
(V v − V w)])
2.1. The vector field ∂
∂t
.
Let,
tγ = (
∂
∂t
)γ
We have,
∂
∂v
=
∂t
∂v
∂
∂t
+
∂r∗
∂v
∂
∂r∗
=
1
2
∂
∂t
+
1
2
∂
∂r∗
(29)
∂
∂w
=
∂t
∂w
∂
∂t
+
∂r∗
∂w
∂
∂r∗
=
1
2
∂
∂t
− 1
2
∂
∂r∗
(30)
Hence,
∂
∂t
=
∂
∂v
+
∂
∂w
= tv
∂
∂v
+ tw
∂
∂w
where tv = 1 and tw = 1. Thus,
MAXWELL ON BLACK HOLES 19
παβ(
∂
∂t
)Tαβ(Ψ)
= [
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2]( −2
(1 − µ)∂vt
w)
+[
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( −2
(1 − µ)∂wt
v)
+[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2](−2[∂vtv + ∂wtw + (3µ− 2)
2r
(tv − tw)])
= 0
In other words, since ∂
∂t
is Killing, it’s deformation tensor vanishes, i.e. παβ( ∂
∂t
) = 0,
therefore
παβ(
∂
∂t
)Tαβ(Ψ) = 0 (31)
Let,
∂ˆ
∂t
=
1√
(1− µ)
∂
∂t
(32)
∂ˆ
∂r∗
=
1√
(1− µ)
∂
∂r∗
(33)
We also assume that,
lim
r→∞
Ψµˆνˆ(t = t0) = 0 (34)
From a local existence result that ensures that a certain regularity will be conserved,
one can prove that the condition above will be satisfied for all time, i.e.
lim
r→∞
Ψµˆνˆ(t) = 0 (35)
Thus, we will have no integrals on spatial infinity.
Applying the divergence theorem to the vector tµTµν in the region B bounded by
two hypersurfaces Σt1 and Σt2 defined by t = constant, where t2 ≥ t1, we get,
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∫
B
παβ(
∂
∂t
)Tαβ(Ψ)dVB +
∫
B
tν(∇µTµν(Ψ))dVB
=
∫
B
tν(∇µTµν(Ψ))dVB
=
∫
Σt1
Jµ(
∂
∂t
)(
∂
∂tˆ
)µdVΣt1 −
∫
Σt2
Jµ(
∂
∂t
)(
∂
∂tˆ
)µdVΣt2
=
∫
Σt1
Jtˆ(
∂
∂t
)dVΣt1 −
∫
Σt2
Jtˆ(
∂
∂t
)dVΣt2
=
∫
Σt1
Ttˆt(Ψ)dVΣt1 −
∫
Σt2
Ttˆt(Ψ)dVΣt2
=
∫
Σt1
Ttˆtˆ(Ψ)(
√
1− µ)dVΣt1 −
∫
Σt2
Ttˆtˆ(Ψ)(
√
1− µ)dVΣt2
We have,
dVΣt = (
√
(1 − µ)r4 sin2(θ)dr∗dθdφ = (
√
1− µ)r2dr∗ sin(θ)dθdφ
(we have sin(θ) ≥ 0 because 0 ≤ θ ≤ π). Thus,
dVΣt = (
√
1− µ)r2dr∗dσ2
On the other hand,
T
tˆtˆ
(Ψ)
= < Ψtˆβ,Ψtˆ
β > −1
4
gtˆtˆ < Ψαβ ,Ψ
αβ >
= < Ψtˆβ,Ψtˆ
β > +
1
4
[
−8
r2(1− µ) < Ψwθ,Ψvθ > +
−8
r2 sin2 θ(1 − µ) < Ψwφ,Ψvφ >
+
−8
(1− µ)2 |Ψvw|
2 +
2
r4 sin2 θ
|Ψφθ|2]
= gβˆγˆ < Ψtˆβ ,Ψtˆγˆ > +[−2 < Ψwˆθˆ,Ψvˆθˆ > −2 < Ψwˆφˆ,Ψvˆφˆ > −2|Ψvˆwˆ|2 +
1
2
|Ψ
φˆθˆ
|2]
< Ψtˆβ ,Ψtˆ
β > = − < Ψtˆtˆ,Ψtˆtˆ > + < Ψtˆrˆ∗ ,Ψtˆrˆ∗ > + < Ψtˆθˆ,Ψtˆθˆ > + < Ψtˆφˆ,Ψtˆφˆ >
= |Ψtˆrˆ∗ |2 + |Ψtˆθˆ|2 + |Ψtˆφˆ|2
From (29) and (30), we get,
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Ψvθ = Ψµν(
∂
∂v
)µ(
∂
∂θ
)ν = Ψµν(
1
2
∂
∂t
+
1
2
∂
∂r∗
)µ(
∂
∂θ
)ν
=
1
2
Ψµν(
∂
∂t
)µ(
∂
∂θ
)ν +
1
2
Ψµν(
∂
∂r∗
)µ(
∂
∂θ
)ν
=
1
2
Ψtθ +
1
2
Ψr∗θ (36)
Ψwθ = Ψµν(
∂
∂w
)µ(
∂
∂θ
)ν = Ψµν(
1
2
∂
∂t
− 1
2
∂
∂r∗
)µ(
∂
∂θ
)ν
=
1
2
Ψµν(
∂
∂t
)µ(
∂
∂θ
)ν − 1
2
Ψµν(
∂
∂r∗
)µ(
∂
∂θ
)ν
=
1
2
Ψtθ − 1
2
Ψr∗θ (37)
and similarly,
Ψvφ =
1
2
Ψtφ +
1
2
Ψr∗φ (38)
Ψwφ =
1
2
Ψtφ − 1
2
Ψr∗φ (39)
Thus,
< Ψ
wˆθˆ
,Ψ
vˆθˆ
> = <
Ψ
tˆθˆ
−Ψ
rˆ∗θˆ
2
,
Ψ
tˆθˆ
+Ψ
rˆ∗θˆ
2
>
=
1
4
[|Ψ
tˆθˆ
|2 − |Ψ
rˆ∗θˆ
|2]
and,
< Ψ
wˆφˆ
,Ψ
vˆφˆ
> =
1
4
[|Ψ
tˆφˆ
|2 − |Ψ
rˆ∗φˆ
|2]
We have,
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Ψvw
= Ψµν(
∂
∂v
)µ(
∂
∂w
)ν = Ψµν(
1
2
∂
∂t
+
1
2
∂
∂r∗
)µ(
1
2
∂
∂t
− 1
2
∂
∂r∗
)ν
=
1
4
Ψµν(
∂
∂t
)µ(
∂
∂t
− ∂
∂r∗
)ν +
1
4
Ψµν(
∂
∂r∗
)µ(
∂
∂t
− ∂
∂r∗
)ν
=
1
4
Ψµν(
∂
∂t
)µ(
∂
∂t
)ν − 1
4
Ψµν(
∂
∂t
)µ(
∂
∂r∗
)ν +
1
4
Ψµν(
∂
∂r∗
)µ(
∂
∂t
)ν − 1
4
Ψµν(
∂
∂r∗
)µ(
∂
∂r∗
)ν
Since Ψµν is anti-symmetric two tensor, we get,
Ψvw =
1
2
Ψµν(
∂
∂r∗
)µ(
∂
∂t
)ν
=
1
2
Ψr∗t (40)
Therefore,
T
tˆtˆ
(Ψ)
= |Ψtˆrˆ∗ |2 + |Ψtˆθˆ|2 + |Ψtˆφˆ|2 +
1
2
[|Ψ
rˆ∗θˆ
|2 − |Ψ
tˆθˆ
|2] + 1
2
[|Ψ
rˆ∗φˆ
− |Ψ
tˆφˆ
|2|2]− 1
2
|Ψrˆ∗tˆ|2 +
1
2
|Ψ
φˆθˆ
|2
=
1
2
[|Ψtˆrˆ∗ |2 + |Ψtˆθˆ|2 + |Ψtˆφˆ|2 + |Ψrˆ∗θˆ|2 + |Ψrˆ∗φˆ|2 + |Ψφˆθˆ|2]
Thus,
∫
B
T ν(∇µTµν(Ψ))dVB
=
∫
Σt1
Ttˆtˆ(T )(
√
1− µ)dVΣt1 −
∫
Σt2
Jtˆtˆ(T )(
√
1− µ)dVΣt2
=
∫
Σt1
1
2
[|Ψtˆrˆ∗ |2 + |Ψtˆθˆ|2 + |Ψtˆφˆ|2 + |Ψrˆ∗θˆ|2 + |Ψrˆ∗φˆ|2 + |Ψφˆθˆ|2](1 − µ)r2dr∗dσ2
−
∫
Σt2
1
2
[|Ψtˆrˆ∗ |2 + |Ψtˆθˆ|2 + |Ψtˆφˆ|2 + |Ψrˆ∗θˆ|2 + |Ψrˆ∗φˆ|2 + |Ψφˆθˆ|2](1− µ)r2dr∗dσ2
= E
( ∂
∂t
)
Ψ (t = t2)− E
( ∂
∂t
)
Ψ (t = t1) (41)
where,
E
( ∂
∂t
)
Ψ (t = ti) (42)
=
∫
Σti
−1
2
[|Ψtˆrˆ∗ |2 + |Ψtˆθˆ|2 + |Ψtˆφˆ|2 + |Ψrˆ∗θˆ|2 + |Ψrˆ∗φˆ|2 + |Ψφˆθˆ|2](1− µ)r2dr∗dσ2
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Taking Ψ any product of Lt, LΩi , and F , where Ωi, i ∈ {1, 2, 3}, is a basis of an-
gular momentum operators, since
∫
B
T ν(∇µTµν(Ψ))dVB = 0, we have conservation
of the energy generated from the vector field ∂
∂t
.
2.2. The vector field K.
Let
K = −ω2 ∂
∂ω
− v2 ∂
∂v
(43)
= Kω
∂
∂ω
+Kv
∂
∂v
We have,
∂vK
ω = −∂vω2
= 0
∂ωK
v = −∂ωv2
= 0
Computing,
παβ(K)Tαβ(Ψ)
= [
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2]( −2
(1 − µ)∂vK
w)
+[
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( −2
(1 − µ)∂wK
v)
+[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2](−2[∂vKv + ∂wKw + (3µ− 2)
2r
(Kv −Kw)])
= [
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2](−2[−2v − 2w + (3µ− 2)
2r
(−v2 + w2)])
= [
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2][4(v + w) + (3µ− 2)
r
(w2 − v2)]
Thus,
παβ(K)Tαβ(Ψ) = (v + w)[4 +
(3µ− 2)
r
(v − w)].[ 1
(1 − µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]
Recall that v and w are defined as in (136) and (137), thus,
v + ω = 2t
v − ω = 2r∗
Therefore, we also have,
παβ(K)Tαβ(Ψ) = 4t[2 +
(3µ− 2)r∗
r
].[
1
(1 − µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]
(44)
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We define,
J
(K)
Ψ (ti ≤ t ≤ ti+1) =
∫ t=ti+1
t=ti
∫ r∗=∞
r∗=−∞
∫
S2
παβ(K)Tαβ(Ψ)dV ol (45)
Computing,
E(K)(ti) =
∫ r∗=∞
r∗=−∞
∫
S2
Jα(K)n
αdV olt=ti(t = ti) (46)
where
nα = −
∂
∂t√
(1− µ)
and
dV olt=ti = r
2
√
(1− µ)dσ2dr∗
E
(K)
Ψ (ti)
=
∫ r∗=∞
r∗=−∞
∫
S2
− 1√
(1− µ) [(
∂
∂v
)α + (
∂
∂ω
)α]Jα(K)r
2
√
(1− µ)dσ2dr∗
=
∫ r∗=∞
r∗=−∞
∫
S2
− 1√
(1− µ) [−v
2Tvv − ω2Tvω − v2Tωv − ω2Tωω]r2
√
(1 − µ)dσ2dr∗
=
∫ r∗=∞
r∗=−∞
∫
S2
(w2[
1
r2(1 − µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2]
+v2[
1
r2(1 − µ) |Ψvθ|
2 +
1
r2 sin2 θ(1− µ) |Ψvφ|
2]
+(ω2 + v2)[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2])r2(1− µ)dσ2dr∗
(47)
2.3. The vector field G.
Let
G = −f(r∗) ∂
∂ω
+ f(r∗)
∂
∂v
(48)
= Gω
∂
∂ω
+Gv
∂
∂v
where f(r∗) depends only on r∗.
Computing,
∂
∂ω
Gω =
∂r∗
∂ω
∂
∂r∗
Gω +
∂t
∂ω
∂
∂t
Gω
= −1
2
∂
∂r∗
Gω + 0
=
1
2
f
′
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where f
′
= ∂
∂r∗
f
Similarly,
∂
∂v
Gv =
∂r∗
∂v
∂
∂r∗
Gv +
∂t
∂v
∂
∂t
Gv
=
1
2
∂
∂r∗
Gv + 0
=
1
2
f
′
∂
∂v
Gω =
∂r∗
∂v
∂
∂r∗
Gω +
∂t
∂v
∂
∂t
Gω
=
1
2
∂
∂r∗
Gω + 0
= −1
2
f
′
∂
∂ω
Gv =
∂r∗
∂ω
∂
∂r∗
Gv +
∂t
∂ω
∂
∂t
Gv
= −1
2
∂
∂r∗
Gv + 0
= −1
2
f
′
παβ(G)Tαβ(Ψ)
= [
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2]( −2
(1 − µ)∂vG
w)
+[
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( −2
(1 − µ)∂wG
v)
+[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2](−2[∂vGv + ∂wGw + (3µ− 2)
2r
(Gv −Gw)])
= [
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2]( −2
(1 − µ) (−
1
2
f ′))
+[
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( −2
(1 − µ) (−
1
2
f ′))
+[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2](−2[1
2
f ′ +
1
2
f ′ +
(3µ− 2)
2r
(f + f)])
= [
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2]( f
′
(1− µ) )
+[
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( f
′
(1− µ) )
+[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2].(−2[f ′ + (3µ− 2)
r
f ])
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Finally, we obtain,
Tαβ(Ψµν)παβ(G)
= [
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2 + 1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2] f
′
(1− µ)
−2[ 1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2](f ′ + f
r
(3µ− 2)) (49)
Computing,
E
(G)
Ψ (ti) =
∫ r∗=∞
r∗=−∞
∫
S2
Jα(G)(Ψµν)n
αdV olt=ti(t = ti) (50)
where nα = − ∂∂t√
(1−µ)
and dV olt=ti = r
2
√
(1− µ)dσ2dr∗. Thus,
E
(G)
Ψ (ti) =
∫ r∗=∞
r∗=−∞
∫
S2
− 1√
(1− µ) (
∂
∂t
)αJα(G)(Ψµν)r
2
√
(1− µ)dσ2dr∗
Recall (29) and (30), thus,
G = f(r∗)
∂
∂r∗
(51)
Therefore,
E
(G)
Ψ (ti) =
∫ r∗=∞
r∗=−∞
∫
S2
−fTtr∗(Ψµν)r2dσ2dr∗
Ttr∗ = < Ψtα,Ψr∗
α >
= < Ψtr∗ ,Ψr∗
r∗ > + < Ψtθ,Ψr∗
θ > + < Ψtφ,Ψr∗
φ >
=
1
r2
< Ψtθ,Ψr∗θ > +
1
r2 sin2 θ
< Ψtφ,Ψr∗φ >
Thus,
E
(G)
Ψ (ti) (52)
=
∫ r∗=∞
r∗=−∞
∫
S2
−f [ 1
r2
< Ψtθ,Ψr∗θ > +
1
r2 sin2 θ
< Ψtφ,Ψr∗φ >]r
2dσ2dr∗
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3. Bounding the Conformal Energy on t = constant Hypersurfaces
Let Ψ be any product of Lt, LΩi , and F , where Ωi, i ∈ {1, 2, 3}, is a basis of angular
momentum operators. We know by then that we have (26).
3.1. Estimate for E
(G)
Ψ .
Let f in (51) be a bounded function of r∗. Then, we have
|E(G)Ψ (t = ti)| . |Eˆ
( ∂
∂t
)
Ψ (t = ti)| . |E
( ∂
∂t
)
Ψ (t = ti)| (53)
where,
Eˆ
( ∂
∂t
)
Ψ (t) =
∫ r∗=∞
r∗=−∞
∫
S2
[
1
r2(1− µ) |Ψtθ|
2 +
1
r2(1− µ) sin2 θ |Ψtφ|
2 +
1
r2(1− µ) |Ψr∗θ |
2
+
1
r2(1− µ) sin2 θ |Ψr∗φ |
2]r2(1− µ)dσ2dr∗ (54)
Proof
We have,
|E(G)Ψ (ti)|
= |
∫ r∗=∞
r∗=−∞
∫
S2
−f [ 1
r2
< Ψtθ,Ψr∗θ > +
1
r2 sin2 θ
< Ψtφ,Ψr∗φ >]r
2dσ2dr∗|
.
∫ r∗=∞
r∗=−∞
∫
S2
|f |[ 1
r2
|Ψtθ|2 + 1
r2
|Ψr∗θ |2 + 1
r2 sin2 θ
|Ψtφ|2 + 1
r2 sin2 θ
|Ψr∗φ |2]r2dσ2dr∗
(by using a.b . a2 + b2)
.
∫ r∗=∞
r∗=−∞
∫
S2
|f |[ 1
r2(1− µ) |Ψtθ|
2 +
1
r2(1− µ) |Ψr∗θ |
2 +
1
r2(1− µ) sin2 θ |Ψtφ|
2
+
1
r2(1− µ) sin2 θ |Ψr∗φ |
2]r2(1− µ)dσ2dr∗
. |Eˆ(
∂
∂t
)
Ψ (t = ti)|
(because f is bounded).
Then, we have,
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E
( ∂
∂t
)
Ψ (t = ti)
= −
∫ r∗=∞
r∗=−∞
∫
S2
(
1
2
|Ψtˆrˆ∗ |2 +
1
2
|Ψ
tˆθˆ
|2 + 1
2
|Ψ
tˆφˆ
|2 + 1
2
|Ψ
rˆ∗θˆ
|2 + 1
2
|Ψ
rˆ∗φˆ
|2 + 1
2
|Ψ
θˆφˆ
|2).r2(1− µ)dσ2dr∗
and therefore,
|Eˆ( ∂∂t )Ψ (t = ti)| =
∫ r∗=∞
r∗=−∞
∫
S2
[|Ψ
tˆθˆ
|2 + |Ψ
tˆφˆ
|2 + |Ψ
rˆ∗θˆ
|2 + |Ψ
rˆ∗φˆ
|2]r2(1− µ)dσ2dr∗
. |E(
∂
∂t
)
Ψ (t = ti)|
3.2. Controlling J
(K)
Ψ in terms of J
(G)
Ψ .
J
(K)
Ψ (ti ≤ t ≤ ti+1) . ti+1J (G)Ψ (ti ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) (55)
where r0 ≤ 3m ≤ R0. And we have,
E
(K)
Ψ (t = ti+1) ≤ J (K)Ψ (ti ≤ t ≤ ti+1) + E(K)Ψ (t = ti) (56)
Proof
We have,
J
(K)
Ψ (ti ≤ t ≤ ti+1)
=
∫ ti+1
t=ti
∫ r∗=∞
r∗=−∞
∫
S2
4t[2 +
(3µ− 2)r∗
r
].[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]r2(1− µ)dσ2dr∗dt
We remark that [2 + (3µ−2)r
∗
r
] is positive only in a bounded interval [r0, R0] where
r0 > 2m and R0 > 3m. To see this, notice that,
lim
r∗→−∞
[2 +
(3µ− 2)r∗
r
] = −∞
and,
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lim
r∗→∞
[2 +
(3µ− 2)r∗
r
] = 2− 2.(1) = 0
and
lim
r→3m
[2 +
(3µ− 2)r∗
r
] = 2 + 0 = 2 > 0
More precisely, let’s look for the region where J
(K)
Ψ (ti ≤ t ≤ ti+1) is negative:
2 +
r∗
r
(−2 + 3µ) ≤ 0
when
r∗(3µ− 2) ≤ −2r
Choosing r0 small enough such that (3µ0 − 2) ≥ 0, then we need r0 such that for
r ≤ r0 ,
r∗ ≤ − 2r
(3µ− 2)
so choose r0 such that
r∗0 ≤ −
2r0
(3µ0 − 2) < 0
or choose Rˆ0 large such that (3µ(Rˆ0)− 2) ≤ 0, and such that for r ≥ Rˆ0, we get,
r∗ ≥ − 2r
(3µ− 2) > 0
then choose Rˆ such that
Rˆ0
∗ ≥ − 2Rˆ0
(3µ(Rˆ0)− 2)
> 0
In conclusion choose r0 such that
r0 < − 2r0
(3µ0 − 2) < 0
and choose R0 as the infimum of all Rˆ0 such that
Rˆ0
∗ ≥ − 2Rˆ0
(3µ(Rˆ0)− 2)
> 0 (57)
Then in the region r ≤ r0 or r ≥ R0 we know that the integrand in J (K)F (ti ≤ t ≤
ti+1) is negative.
Thus,
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J
(K)
Ψ (ti ≤ t ≤ ti+1)
≤
∫ ti+1
t=ti
∫ r∗=R∗0
r∗=r∗0
∫
S2
4t[2 +
(3µ− 2)r∗
r
].[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]r2(1− µ)dσ2dr∗dt
≤ ti+1
∫ ti+1
t=ti
∫ r∗=R∗0
r∗=r∗0
∫
S2
4[2 +
(3µ− 2)r∗
r
].[
1
(1 − µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]r2(1− µ)dσ2dr∗dt
. ti+1
∫ ti+1
t=ti
∫ r∗=R∗0
r∗=r∗0
∫
S2
[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]dσ2dr∗dt
. ti+1
∫ t=ti+1
t=ti
∫ r∗=R∗0
r∗=r∗0
∫
S2
(
∫ ∞
r∗
χ[r∗0 ,(R0+1)∗]dr
∗)[|Ψvˆwˆ|2 + 1
4
|Ψ
φˆθˆ
|2].6µr(1 − µ)2dr∗dσ2dt
. ti+1J
(G)
Ψ (ti ≤ t ≤ ti+1)(r∗0 ≤ r∗ ≤ R∗0)
3.3. Estimate for J
(K)
Ψ in terms of E
(K)
Ψ .
For,
ti+1 ≤ ti + (0.1)ti
and,
|r∗(r0)|+ |r∗(R)| ≤ 0.4ti
We have:
J
(K)
Ψ (ti ≤ t ≤ ti+1) . ti+1J (G)Ψ (ti ≤ t ≤ ti+1)(r0 < r < R0)
. ti+1[
1
t2i
E
(K)
Ψ (t = ti) +
1
t2i
3∑
j=1
E
(K)
LΩjΨ
(t = ti) (58)
+
1
t2i+1
E
(K)
Ψ (t = ti+1) +
1
t2i+1
3∑
j=1
E
(K)
LΩjΨ
(t = ti+1)]
Proof
We have, from assumption (8),
J
(G)
Ψ (ti ≤ t ≤ ti+1) . |Eˆ
( ∂
∂t
)
Ψ (ti+1)|+ |Eˆ
( ∂
∂t
)
Ψ (ti)|+ |Eˆ
( ∂
∂t
)
LΩjΨ
(ti+1)|+ |Eˆ(
∂
∂t
)
LΩjΨ
(ti)|
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Let Ψˆ be an anti-symmetric 2-tensor, defined by the following,
Ψˆ
tˆθˆ
(t = ti, r
∗, θ, φ) = χˆ(
2r∗
ti
)Ψ
tˆθˆ
(t = ti, r
∗, θ, φ) (59)
Ψˆ
tˆφˆ
(t = ti, r
∗, θ, φ) = χˆ(
2r∗
ti
)Ψ
tˆφˆ
(t = ti, r
∗, θ, φ) (60)
Ψˆ
rˆ∗θˆ
(t = ti, r
∗, θ, φ) = χˆ(
2r∗
ti
)Ψ
rˆ∗θˆ
(t = ti, r
∗, θ, φ) (61)
Ψˆ
rˆ∗φˆ
(t = ti, r
∗, θ, φ) = χˆ(
2r∗
ti
)Ψ
rˆ∗φˆ
(t = ti, r
∗, θ, φ) (62)
∇r∗Ψˆtˆrˆ∗(t = ti, r∗, θ, φ) = χˆ(
2r∗
ti
)∇r∗Ψtˆrˆ∗(t = ti, r∗, θ, φ) (63)
∇r∗Ψˆθˆφˆ(t = ti, r∗, θ, φ) = χˆ(
2r∗
ti
)∇r∗Ψθˆφˆ(t = ti, r∗, θ, φ) (64)
where χˆ is a smooth cut-off function equal to one on [−1, 1] and zero outside [− 32 , 32 ].
And for,
− ti
2
≤ r∗ ≤ ti
2
(65)
Ψˆrˆ∗tˆ(t = ti, r
∗, θ, φ) = Ψrˆ∗tˆ(t = ti, r
∗, θ, φ) (66)
Ψˆ
θˆφˆ
(t = ti, r
∗, θ, φ) = Ψ
θˆφˆ
(t = ti, r
∗, θ, φ) (67)
And for,
ti ≤ t ≤ ti+1 (68)
∇µΨˆµν = 0 (69)
∇αΨˆµν +∇µΨˆνα +∇νΨˆαµ = 0 (70)
Then, we have that for,
− ti
2
≤ r∗ ≤ ti
2
Ψˆµν(t = ti, r
∗, θ, φ) = Ψµν(t = ti, r
∗, θ, φ)
And for
r∗ ≤ −3ti
4
and , r∗ ≥ 3ti
4
for,
(k, l) ∈ {(r∗, θ), (r∗, φ), (t, θ), (t, φ)}
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we have,
Ψˆkl(t = ti, r
∗, θ, φ) = 0
Now, considering the region
ti ≤ t ≤ ti+1 , and r0 ≤ r ≤ R0
where
ti+1 ≤ ti + (0.1)ti, and |r∗(r0)|+ |r∗(R0)| ≤ 0.4ti
clearly, on t = ti, we have Ψˆµν(t = ti) = Ψµν(t = ti), in the specified region.
However, since the information from the initial data propagates no faster than
the speed of light, i.e. along the null cones t = r∗, and t = −r∗, then in the
region ti ≤ t ≤ ti+1 we have Ψˆµν = Ψµν if r∗0 ≥ − ti2 + (0.1)ti = −(0.4)ti and
R∗0 ≤ ti2 − (0.1)ti = (0.4)ti which is satisfied in the specified region because of the
condition that |r∗(r0)|+ |r∗(R0)| ≤ 0.4ti. Thus,
Ψµν = Ψˆµν
in the specified region. Therefore, we have,
J
(G)
Ψ (ti ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) . J (G)Ψˆ (ti ≤ t ≤ ti+1) (71)
And for the same reason, on t = ti+1, we have Ψˆµν(t = ti+1) = 0 if r
∗ ≥ − 3ti4 −
(0.1)ti = −(0.85)ti and r∗ ≤ 3ti4 + (0.1)ti = (0.85)ti.
Eˆ
( ∂
∂t
)
Ψˆ
(t = ti+1)
=
∫ r∗=∞
r∗=−∞
∫
S2
(|Ψˆ
tˆθˆ
|2 + |Ψˆ
tˆφˆ
|2 + |Ψˆ
rˆ∗θˆ
|2 + |Ψˆ
rˆ∗φˆ
|2).r2(1 − µ)dσ2dr∗
.
∫ r∗=(0.85)ti
r∗=−(0.85)ti
∫
S2
(|Ψ
tˆθˆ
|2 + |Ψ
tˆφˆ
|2 + |Ψ
rˆ∗θˆ
|2 + |Ψ
rˆ∗φˆ
|2).r2(1 − µ)dσ2dr∗
(where we used the boundedness of χ)
.
∫ r∗=(0.85)ti
r∗=−(0.85)ti
∫
S2
(|Ψ
vˆθˆ
|2 + |Ψ
vˆφˆ
|2 + |Ψ
wˆθˆ
|2 + |Ψ
wˆφˆ
|2).r2(1 − µ)dσ2dr∗
We also have,
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Eˆ
( ∂
∂t
)
Ψˆ
(t = ti+1)
=
∫ r∗=∞
r∗=−∞
∫
S2
(|Ψˆ
tˆθˆ
|2 + |Ψˆ
tˆφˆ
|2 + |Ψˆ
rˆ∗θˆ
|2 + |Ψˆ
rˆ∗φˆ
|2).r2(1− µ)dσ2dr∗
.
∫ r∗= 3ti
4
r∗=−
3ti
4
∫
S2
(|Ψ
tˆθˆ
|2 + |Ψ
tˆφˆ
|2 + |Ψ
rˆ∗θˆ
|2 + |Ψ
rˆ∗φˆ
|2).r2(1− µ)dσ2dr∗
(using the boundedness of χ)
.
∫ r∗=(0.85)ti
r∗=−(0.85)ti
∫
S2
(|Ψ
vˆθˆ
|2 + |Ψ
vˆφˆ
|2 + |Ψ
wˆθˆ
|2 + |Ψ
wˆφˆ
|2).r2(1− µ)dσ2dr∗
Lemma 3.4.∫ r∗=r∗2
r∗=r∗1
∫
S2
(
1
r2(1− µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2 +
1
r2(1 − µ) |Ψvθ|
2
+
1
r2 sin2 θ(1− µ) |Ψvφ|
2 +
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2).(1 − µ)r2dσ2dr∗(t)
.
E
(K)
Ψ (t)
minw∈{t}∩{r∗1≤r∗≤r∗2} w
2
+
E
(K)
Ψ (t)
minv∈{t}∩{r∗1≤r∗≤r∗2} v
2
(72)
Proof
We proved that,
E
(K)
Ψ (ti)
=
∫ r∗=∞
r∗=−∞
∫
S2
(w2[
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2] + v2[ 1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]
+(1− µ)(ω2 + v2)[ 1
(1 − µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2])r2dσ2dr∗
Because of this we have,∫ r∗=∞
r∗=−∞
∫
S2
((1− µ)w2[ 1
r2(1 − µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2]
+(1− µ)w2[ 1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]).r2dσ2dr∗(ti)
. E
(K)
Ψ (ti)
and, ∫ r∗=∞
r∗=−∞
∫
S2
((1 − µ)v2[ 1
r2(1− µ) |Ψvθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψvφ|
2]
+(1− µ)v2[ 1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]).r2dσ2dr∗(ti)
. E
(K)
Ψ (ti)
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and thus,
∫ r∗=r∗2
r∗=r∗1
∫
S2
((1 − µ)[ 1
r2(1− µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2]
+(1− µ)[ 1
(1 − µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]).r2dσ2dr∗(t)
.
E
(K)
Ψ (t)
minw∈{t}∩{r∗1≤r∗≤r∗2} w
2
and,
∫ r∗=r∗2
r∗=r∗1
∫
S2
((1 − µ)[ 1
r2(1 − µ) |Ψvθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψvφ|
2]
+(1− µ)[ 1
(1 − µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]).r2dσ2dr∗(t)
.
E
(K)
Ψ (t)
minv∈{t}∩{r∗1≤r∗≤r∗2} v
2
Summing, we obtain,
∫ r∗=r∗2
r∗=r∗1
∫
S2
([
1
r2(1− µ) |Ψwθ|
2 +
1
r2 sin2 θ(1− µ) |Ψwφ|
2] + [
1
r2(1 − µ) |Ψvθ|
2
+
1
r2 sin2 θ(1− µ) |Ψvφ|
2] + [
1
(1 − µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]).(1− µ)r2dσ2dr∗(t)
.
E
(K)
Ψ (t)
minw∈{t}∩{r∗1≤r∗≤r∗2} w
2
+
E
(K)
Ψ (t)
minv∈{t}∩{r∗1≤r∗≤r∗2} v
2
Inequality (72) gives,
∫ r∗=(0.85)ti
r∗=−(0.85)ti
∫
S2
(
1
r2(1 − µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2 +
1
r2(1− µ) |Ψvθ|
2
+
1
r2 sin2 θ(1− µ) |Ψvφ|
2 +
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2).(1 − µ)r2dσ2dr∗(t)
.
E
(K)
Ψ (t)
minw∈{t}∩{−(0.85)ti≤r∗≤(0.85)ti} w
2
+
E
(K)
Ψ (t)
minv∈{t}∩{−(0.85)ti≤r∗≤(0.85)ti} v
2
.
E
(K)
Ψ (t)
t2i
(73)
Examining now the term,
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|Eˆ(
∂
∂t
)
LΩi Ψˆ
(t = ti)| .
∫ r∗=∞
r∗=−∞
∫
S2
(|LΩiΨˆwˆθˆ|2 + |LΩiΨˆwˆφˆ|2 + |LΩiΨˆvˆθˆ|2
+|LΩiΨˆvˆφˆ|2).(1− µ)r2dσ2dr∗(t = ti)
For,
(k, l) ∈ {(r∗, θ), (r∗, φ), (t, θ), (t, φ)}
LΩiΨˆkl(t = ti, r∗, θ, φ) = LΩiχ(
2r∗
ti
)Ψkl(t = ti, r
∗, θ, φ)
= χ(
2r∗
ti
)LΩiΨkl(t = ti, r∗, θ, φ)
Thus,
|Eˆ(
∂
∂t
)
LΩi Ψˆ
(t = ti)| . E(
∂
∂t
)
LΩiΨ
(−3ti
4
≤ r∗ ≤ 3ti
4
)(t = ti)
3.5. Estimate for E
(K)
Ψ .
E
(K)
Ψ (t) .
3∑
k=1
3∑
l=1
3∑
j=1
E
( ∂
∂t
)
Ψ,LΩkΨ,LΩkLΩlLΩjΨ,LΩkLΩlLΩjΨ
(t = t0) +
3∑
l=1
3∑
j=1
E
(K)
Ψ,LΩlΨ,LΩlLΩjΨ
(t = t0)
. EMF (74)
where,
EMΨ =
3∑
k=1
3∑
l=1
3∑
j=1
E
( ∂
∂t
)
Ψ,LΩkΨ,LΩkLΩlLΩjΨ,LΩkLΩlLΩjΨ
(t = t0) +
3∑
l=1
3∑
j=1
E
(K)
Ψ,LΩlΨ,LΩlLΩjΨ
(t = t0)
=
3∑
i=0
E
( ∂
∂t
)
rj(L/ )jΨ(t = t0) +
2∑
i=0
E
(K)
rj(L/ )jΨ(t = t0) (75)
Proof
Let,
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ti+1 = ti + (0.1)ti = (1.1)ti (76)
For t0 big enough, we will have
|r∗(r0)|+ |r∗(R0)| ≤ 0.4t0
and therefore will be able to apply (58).
In view of (24) and (26) applied to the vector field K in the region t ∈ [ti, ti+1], we
get
E
(K)
Ψ (t = ti+1) ≤ J (K)Ψ (t0 ≤ t ≤ ti+1) + E(K)Ψ (t = t0)
≤ ti+1J (G)Ψ (t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) + E(K)Ψ (t = t0)
(from (55))
and,
E
(K)
LΩjΨ
(t = ti+1)
≤ ti+1J (G)LΩjΨ(t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) + E
(K)
LΩjΨ
(t = t0)
(from (55))
Since Ψˆ verifies the Maxwell equations, we have
∇αTαβ(Ψˆ) = 0 (77)
and thus, we can estimate,
J
(G)
Ψ (ti ≤ t ≤ ti+1)(r0 ≤ r ≤ R0)
.
1
t2i
E
(K)
Ψ (t = ti) +
1
t2i
3∑
j=1
E
(K)
LΩjΨ
(t = ti) +
1
t2i+1
E
(K)
Ψ (t = ti+1) +
1
t2i+1
3∑
j=1
E
(K)
LΩjΨ
(t = ti+1)
(from (58) )
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J
(G)
Ψ (ti ≤ t ≤ ti+1)(r0 ≤ r ≤ R0)
.
ti
t2i
J
(G)
Ψ (t0 ≤ t ≤ ti)(r0 ≤ r ≤ R0) +
1
t2i
E
(K)
Ψ (t = t0)
+
ti
t2i
3∑
j=1
J
(G)
LΩjΨ
(X)(t0 ≤ t ≤ ti)(r0 ≤ r ≤ R0) + 1
t2i
3∑
j=1
E
(K)
LΩjΨ
(t = t0)
+
ti+1
t2i+1
J
(G)
Ψ (t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) +
1
t2i+1
E
(K)
Ψ (t = t0)
+
ti+1
t2i+1
3∑
j=1
J
(G)
LΩjΨ
(X)(t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) + 1
t2i+1
3∑
j=1
E
(K)
LΩjΨ
(t = t0)
We will use the notation J
(G)
Ψ,LΩjΨ
= J
(G)
Ψ + J
(G)
LΩjΨ
, for all letters such as J , and for
different summations, so as to lighten the notation and be able to write:
J
(G)
Ψ (ti ≤ t ≤ ti+1)(r0 ≤ r ≤ R0)
.
1
ti
3∑
j=1
J
(G)
Ψ,LΩjΨ
(t0 ≤ t ≤ ti)(r0 ≤ r ≤ R0) + 1
t2i
3∑
j=1
E
(K)
Ψ,LΩjΨ
(t = t0)
+
1
ti+1
3∑
j=1
J
(G)
Ψ,LΩjΨ
(t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) + 1
t2i+1
3∑
j=1
E
(K)
Ψ,LΩjΨ
(t = t0)
From this we can deduce the following,
J
(K)
Ψ (ti ≤ t ≤ ti+1)
. ti+1J
(G)
Ψ (ti ≤ t ≤ ti+1)(r0 ≤ r ≤ R0)
(from (55))
.
3∑
j=1
J
(G)
Ψ,LΩjΨ
(t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) + 1
ti+1
3∑
j=1
E
(K)
Ψ,LΩjΨ
(t = t0)
(from the estimate above, and using the positivity of J
(G)
Ψ,LΩjΨ
)
Since,
ti+1 = (1.1)ti
we have,
ti+1 = (1.1)
i+1t0
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and thus,
∑
i
1
ti+1
=
∑
i
1
(1.1)i+1t0
. 1
Therefore,
J
(K)
Ψ (t0 ≤ t ≤ ti+1)
=
i+1∑
i=0
J
(K)
Ψ (ti ≤ t ≤ ti+1)
. (i + 1)
3∑
j=1
J
(G)
Ψ,LΩjΨ
(t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) +
3∑
j=1
E
(K)
Ψ,LΩjΨ
(t = t0)
(from the above)
and thus,
E
(K)
Ψ (t = ti+1)
. J
(K)
Ψ (t0 ≤ t ≤ ti+1) + E(K)Ψ (t = t0)
. (i + 1)
3∑
j=1
J
(G)
Ψ,LΩjΨ
(t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) +
3∑
j=1
E
(K)
Ψ,LΩjΨ
(t = t0)
In the same manner, this leads to,
E
(K)
LΩlΨ
(t = ti+1)
. J
(K)
LΩlΨ
(t0 ≤ t ≤ ti+1) + E(K)LΩlΨ(t = t0)
. (i + 1)
3∑
j=1
J
(G)
LΩlΨ,LΩlLΩjΨ
(t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) +
3∑
j=1
E
(K)
LΩlΨ,LΩlLΩjΨ
(t = t0)
(since Ωl, l ∈ {1, 2, 3} are Killing, and therefore LΩlΨ verifies the Maxwell equa-
tions).
Repeating the procedure again, we get,
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J
(G)
Ψ (ti ≤ t ≤ ti+1)(r0 ≤ r ≤ R0)
.
1
t2i
E
(K)
Ψ (t = ti) +
1
t2i
3∑
l=1
E
(K)
LΩlΨ
(t = ti) +
1
t2i+1
E
(K)
Ψ (t = ti+1) +
1
t2i+1
3∑
l=1
E
(K)
LΩlΨ
(t = ti+1)
(from (58))
.
i
ti
2
3∑
l=1
3∑
j=1
J
(G)
Ψ,LΩlΨ,LΩlLΩjΨ
(t0 ≤ t ≤ ti)(r0 ≤ r ≤ R0) + 1
ti
2
3∑
l=1
3∑
j=1
E
(K)
Ψ,LΩlΨ,LΩlLΩjΨ
(t = t0)
+
(i+ 1)
ti+1
2
3∑
l=1
3∑
j=1
J
(G)
Ψ,LΩlΨ,LΩlLΩjΨ
(t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0)
+
1
ti+1
2
3∑
l=1
3∑
j=1
E
(K)
Ψ,LΩlΨ,LΩlLΩjΨ
(t = t0)
.
(i + 1)
ti+1
2
3∑
l=1
3∑
j=1
J
(G)
Ψ,LΩlΨ,LΩlLΩjΨ
(t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0)
+
1
ti+1
2
3∑
l=1
3∑
j=1
E
(K)
Ψ,LΩlΨ,LΩlLΩjΨ
(t = t0)
Thus,
J
(K)
Ψ (ti ≤ t ≤ ti+1)(−∞ ≤ r∗ ≤ ∞)
. ti+1J
(G)
Ψ (ti ≤ t ≤ ti+1)(r0 ≤ r ≤ R0)
(from (55))
.
(i+ 1)
ti+1
3∑
l=1
3∑
j=1
J
(G)
Ψ,LΩlΨ,LΩlLΩjΨ
(t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0)
+
1
ti+1
3∑
l=1
3∑
j=1
E
(K)
Ψ,LΩjΨ,LΩlLΩjΨ
(t = t0)
(using the above).
We have,
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(i+ 1)
ti+1
=
(i+ 1)
(ti+1)
1
2
.
1
(ti+1)
1
2
≤ C. 1
(ti+1)
1
2
(where we used the fact that
(i+ 1)
(ti+1)
1
2
≤ C )
.
1
(1.1)
i+1
2
. (
√
1
1.1
)i
∑
i(
√
1
1.1 )
i is a geometric series with (
√
1
1.1 ) < 1, and therefore,
∞∑
i=0
(
√
1
1.1
)i . 1
Finally, we have,
J
(K)
Ψ (t0 ≤ t ≤ ti+1)(−∞ ≤ r∗ ≤ ∞)
=
i+1∑
i=0
J
(K)
Ψ (ti ≤ t ≤ ti+1)(−∞ ≤ r∗ ≤ ∞)
.
i+1∑
i=0
(
√
1
1.1
)i
3∑
l=1
3∑
j=1
J
(G)
Ψ,LΩlΨ,LΩlLΩjΨ
(t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0)
+
i+1∑
i=0
1
ti+1
3∑
l=1
3∑
j=1
E
(K)
Ψ,LΩlΨ,LΩlLΩjΨ
(t = t0)
.
3∑
l=1
3∑
j=1
[[J
(G)
Ψ,LΩlΨ,LΩlLΩjΨ
(t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) + E(K)Ψ,LΩlΨ,LΩlLΩjΨ(t = t0)]
(from the above)
which gives,
E
(K)
Ψ (t = ti+1)
. J
(K)
Ψ (t0 ≤ t ≤ ti+1)(−∞ ≤ r∗ ≤ ∞) + E(K)Ψ (t = t0)
.
3∑
l=1
3∑
j=1
[J
(G)
Ψ,LΩlΨ,LΩlLΩjΨ
(t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) + E(K)Ψ,LΩlΨ,LΩlLΩjΨ(t = t0)]
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From assumption (8),
J
(G)
Ψ (t0 ≤ t ≤ ti+1)(r0 ≤ r ≤ R) .
3∑
j=1
E
( ∂
∂t
)
Ψ,LΩjΨ
Thus,
E
(K)
Ψ (t = ti+1)
.
3∑
k=1
3∑
l=1
3∑
j=1
E
( ∂
∂t
)
Ψ,LΩkΨ,LΩkLΩlLΩjΨ,LΩkLΩlLΩjΨ
(t = t0) +
3∑
l=1
3∑
j=1
E
(K)
Ψ,LΩlΨ,LΩlLΩjΨ
(t = t0)
. EMΨ
because,
3∑
j=1
|LΩjΨ|2 = r2|L/Ψ|2 = |rL/Ψ|2 (78)
We have ti+1 = (1.1)
i+1t0, however, our proofs work with any a such that 1 < a < 2,
and ti+1 = a
it0. Since for all t > t0 there exist i and a such that t = a
it0, t0 > 1,
we get that,
E
(K)
Ψ (t) . E
M
Ψ
for all t > t0, and similarly for all t < −t0. And since the region −t0 ≤ t ≤ t0 is a
bounded region, the above inequality holds in this region. Thus, for all t, we have,
E
(K)
Ψ (t) . E
M
Ψ
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4. The Proof of Decay Away from the Horizon
We will prove that for all µˆ, νˆ ∈ { ∂ˆ
∂w
, ∂ˆ
∂v
, ∂ˆ
∂θ
, ∂ˆ
∂φ
}, all the components of the Maxwell
fields satisfy
|Fµˆνˆ |(w, v, ω) . EF
(1 + |v|)
and,
|Fµˆνˆ |(w, v, ω) . EF
(1 + |w|)
in r ≥ R > 2m, for an arbitrarily fixed R, and where EF is defined by
EF = [
1∑
i=0
5∑
j=0
E
( ∂
∂t
)
rj(L/ )j(Lt)iF (t = t0) +
1∑
i=0
4∑
j=0
E
(K)
rj(L/ )j(Lt)iF (t = t0)
+E
( ∂
∂t
)
r6(L/ )6F (t = t0) + E
(K)
r5(L/ )5F (t = t0)]
1
2
Proof
We will prove that,
|Fµˆνˆ |(w, v, ω) .
[E
(K)
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F (t)]
1
2
(1 + |v|)
and,
|Fµˆνˆ |(w, v, ω) .
[E
(K)
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F ]
1
2
(1 + |w|)
Recall that,
E
(K)
Ψ .
3∑
j=0
E
( ∂
∂t
)
rj(L/ )jΨ(t = t0) +
2∑
j=0
E
(K)
rj(L/ )jΨ(t = t0)
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Thus,
E
(K)
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F
.
1∑
i=0
5∑
j=0
E
( ∂
∂t
)
rj(L/ )j(Lt)iF (t = t0) +
1∑
i=0
4∑
j=0
E
(K)
rj(L/ )j(Lt)iF (t = t0)
+E
( ∂
∂t
)
r6(L/ )6F (t = t0) + E
(K)
r5(L/ )5F (t = t0)
. E2F
Definition 4.1. We define positive definite Riemannian metric in the following
manner:
h(eα, eβ) = g(eα, eβ) + 2g(eα,
∂ˆ
∂t
).g(eβ ,
∂ˆ
∂t
) (79)
where
∂ˆ
∂t
= (−g( ∂
∂t
,
∂
∂t
))−
1
2
∂
∂t
(80)
Definition 4.2. For any G-valued 2-tensor K, we let
|K|2 = hαµhβν |Kµν |.|Kαβ | (81)
Lemma 4.3. We have,
∇σh(eα, eβ) = 2g(eα,∇σ ∂ˆ
∂t
).g(eβ ,
∂ˆ
∂t
) + 2g(eα,
∂ˆ
∂t
).g(eβ ,∇σ ∂ˆ
∂t
) (82)
Proof
∇σh(eα, eβ) = ∂σh(eα, eβ)− h(∇σeα, eβ)− h(eα,∇σeβ)
= ∇σg(eα, eβ) + 2∇σ[g(eα, ∂ˆ
∂t
).g(eβ ,
∂ˆ
∂t
)]
= 2∂σ[g(eα,
∂ˆ
∂t
).g(eβ ,
∂ˆ
∂t
)]− 2g(∇σeα, ∂ˆ
∂t
).g(eβ ,
∂ˆ
∂t
)
−2g(eα, ∂ˆ
∂t
).g(∇σeβ, ∂ˆ
∂t
)
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(since the metric g is Killing)
= 2∂σg(eα,
∂ˆ
∂t
).g(eβ ,
∂ˆ
∂t
) + 2g(eα,
∂ˆ
∂t
).∂σg(eβ ,
∂
∂tˆ
)
−2g(∇σeα, ∂ˆ
∂t
).g(eβ ,
∂ˆ
∂t
)− 2g(eα, ∂ˆ
∂t
).g(∇σeβ , ∂ˆ
∂t
)
= 2[∂σg(eα,
∂ˆ
∂t
)− g(∇σeα, ∂ˆ
∂t
)].g(eβ ,
∂ˆ
∂t
)
+2[∂σg(eβ ,
∂ˆ
∂t
)− g(∇σeβ , ∂ˆ
∂t
)].g(eα,
∂ˆ
∂t
)
Using the fact that ∇g = 0, we get,
∇σh(eα, eβ) = 2g(eα,∇σ ∂ˆ
∂t
).g(eβ ,
∂ˆ
∂t
) + 2g(eα,
∂ˆ
∂t
).g(eβ ,∇σ ∂ˆ
∂t
)
Let,
tˆα = (
∂ˆ
∂t
)α = gµα(
∂ˆ
∂t
)µ
Hence, we can write (79) as,
hαβ = gαβ + 2(
∂ˆ
∂t
)α(
∂ˆ
∂t
)β (83)
and (82) as,
∇σhαβ = 2[∇σ tˆα.tˆβ + tˆα.∇σ tˆβ ] (84)
4.4. The region ω ≥ 1, r ≥ R.
We consider the region w ≥ 1, r ≥ R, where R is fixed.
Let Ψ be a tensor, and |Ψµν | =< Ψµν ,Ψµν > 12 . We can compute
|∇|Ψµν || = |2 < LΨµν ,Ψµν >
2 < Ψµν ,Ψµν >
1
2
| ≤ |LΨµν ||Ψµν ||Ψµν |
≤ |LΨµν |
We have the Sobolev inequality,
r2|F |2 .
∫
S2
r2|F |2dσ2 +
∫
S2
r2|∇/ |F ||2dσ2 +
∫
S2
r2|∇/∇/ |F ||2dσ2
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where ∇/ is the covariant derivative restricted on the 2-spheres. We have
|L/ hαβ |2 = 1
r2
3∑
j=1
|Ωjhαβ |2 = 1
r2
3∑
i=1
|Ωjg(eα, eβ) + 2Ωjg(eα, ∂ˆ
∂t
).g(eβ ,
∂ˆ
∂t
)|
= 0
Since L/ hµν = 0, we have
r2|F |2 .
∫
S2
r2|F |2dσ2 +
∫
S2
r2|L/ F |2dσ2 +
∫
S2
r2|L/L/ F |2dσ2
Let, rF be a value of r such that R ≤ rF ≤ R+ 1, and to be determined later. we
have,
∫
S2
r2|F |2(t, r, ω)dσ2 .
∫
S2
r2|F |2(t, rF , ω)dσ2 +
∫
S2
∫ r∗=r∗
r∗=r∗
F
∇r∗ [r2|F |2](t, r, ω)dr∗dσ2
.
∫
S2
r2F |F |2(t, rF , ω)dσ2 +
∫
S2
∫ r∗=r∗
r∗=r∗F
2r|F |2(t, r, ω)(1 − µ)dr∗dσ2
+2
∫
S2
∫ r∗=r∗
r∗=r∗
F
r2∇r∗ |F |2(t, r, ω)dr∗dσ2
By the same,∫
S2
r2|L/ F |2(t, r, ω)dσ2
.
∫
S2
r2L/ F |L/ F |
2(t, rL/ F , ω)dσ2 +
∫
S2
∫ r∗=r∗
r∗=r∗L/ F
2r|L/ F |2(t, r, ω)(1− µ)dr∗dσ2
+2
∫
S2
∫ r∗=r∗
r∗=r∗L/ F
r2∇r∗ |L/ F |2(t, r, ω)dr∗dσ2
and,∫
S2
r2|L/L/ F |2(t, r, ω)dσ2
.
∫
S2
r2L/L/ F |L/L/ F |
2(t, rL/L/ F , ω)dσ2 +
∫
S2
∫ r∗=r∗
r∗=r∗L/L/ F
2r|L/L/ F |2(t, r, ω)(1− µ)dr∗dσ2
+2
∫
S2
∫ r∗=r∗
r∗=r∗L/L/ F
r2∇r∗ |L/L/ F |2(t, r, ω)dr∗dσ2
We showed the following estimate,
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∫ r∗=r∗2
r∗=r∗1
∫
S2
(|Ψ
wˆθˆ
|2 + |Ψ
wˆφˆ
|2 + |Ψ
vˆθˆ
|2 + |Ψ
vˆφˆ
|2 + |Ψvˆwˆ|2 + |Ψφˆθˆ|2).(1 − µ)r2dσ2dr∗(t)
.
E
(K)
Ψ (t)
minw∈{t}∩{r∗1≤r∗≤r∗2} w
2
+
E
(K)
Ψ (t)
minv∈{t}∩{r∗1≤r∗≤r∗2} v
2
Thus,
∫ r∗=r∗2
r∗=r∗1
∫
S2
|Ψ|2(t, r, ω)(1−µ)r2dσ2dr∗ . E
(K)
Ψ (t)
minw∈{t}∩{r∗1≤r∗≤r∗2} w
2
+
E
(K)
Ψ (t)
minv∈{t}∩{r∗1≤r∗≤r∗2} v
2
Therefore,
∫ r∗=(R+1)∗
r∗=R∗
∫
S2
|Ψ|2(t, r, ω)(1− µ)r2dσ2dr∗ . E
(K)
Ψ (t)
t2
or, ∫ r=R+1
r=R
∫
S2
|Ψ|2(t, r, ω)r2dσ2dr . E
(K)
Ψ (t)
t2
There exists rΨ, such that R ≤ rΨ ≤ R+ 1 and,
∫
S2
r2F |F |2(t, rF , ω)dσ2 .
E
(K)
F (t)
t2(R+ 1−R)
which gives,
∫
S2
r2F |F |2(t, rF , ω)dσ2 .
E
(K)
F (t)
t2
By same,
∫
S2
r2L/ F |L/ F |
2(t, rL/ F , ω)dσ2 =
3∑
j=1
1
r2L/ F
∫
S2
r2L/ F |LΩjF |
2(t, rL/ F , ω)dσ2
.
3∑
j=1
1
R2
∫
S2
r2L/ F |LΩjF |
2(t, rL/ F , ω)dσ2
.
3∑
j=1
E
(K)
LΩjF
(t)
t2
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and,
∫
S2
r2L/L/ F |L/L/ F |
2(t, r0, ω)dσ
2 .
3∑
i=1
3∑
j=1
E
(K)
LΩiLΩjF
(t)
t2
On the other hand,
∫ r∗=r∗
r∗=r∗
F
∫
S2
r|F |2(1− µ)(t, r, ω)dσ2dr∗ .
∫ r∗=r∗
r∗=r∗
F
r
R
∫
S2
r|F |2(1− µ)(t, r, ω)dσ2dr∗
.
E
(K)
F (t)
t2
+
E
(K)
F (t)
w2
Thus,
∫ r∗=r∗
r∗=r∗F
∫
S2
r|F |2(1− µ)(t, r, ω)dσ2dr∗ . E
(K)
F (t)
t2
+
E
(K)
F (t)
w2
and,
∫ r∗=r∗
r∗=r∗L/ F
∫
S2
r|L/ F |2(1− µ)(t, r, ω)dσ2dr∗
=
3∑
j=1
∫ r∗=r∗
r∗=r∗L/ F
∫
S2
r
1
r2
|LΩjF |2(1− µ)(t, r, ω)dσ2dr∗
≤
3∑
j=1
1
R2
∫ r∗=r∗
r∗=r∗L/ F
∫
S2
r|LΩjF |2(1 − µ)(t, r, ω)dσ2dr∗
.
3∑
j=1
E
(K)
LΩjF
(t)
t2
+
E
(K)
LΩjF
(t)
w2
By same,
∫ r∗=r∗
r∗=r∗0
∫
S2
r|L/L/ F |2(1− µ)(t, r, ω)dσ2dr∗ .
3∑
i=1
3∑
j=1
[
E
(K)
LΩiLΩjF
(t)
t2
+
E
(K)
LΩiLΩjF
(t)
w2
]
Now, we want to estimate the term,
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∫
S2
∫ r∗=r∗
r∗=r∗
F
r2∇r∗ |F |2(t, r, ω)dr∗dσ2
=
∫
S2
∫ r∗=r∗
r∗=r∗F
r2∇rˆ∗ |F |2(t, r, ω)
√
(1− µ)dr∗dσ2
=
∫
S2
∫ r∗=r∗
r∗=r∗
F
r2[∇rˆ∗(hµαhνβ)|Fµν ||Fαβ |+ hµαhνβ∇rˆ∗(|Fµν ||Fαβ |)](t, r, ω)
√
(1− µ)dr∗dσ2
We have,
∇rˆ∗h(eα, eβ) = 2g(eα,∇σ
∂
∂tˆ
).g(eβ ,
∂
∂tˆ
) + 2g(eα,
∂
∂tˆ
).g(eβ ,∇σ ∂
∂tˆ
)
and
∇rˆ∗
∂ˆ
∂t
= 0
Hence,
∇rˆ∗hαβ = ∇rˆ∗h(eα, eβ) = 2g(eα,∇rˆ∗
∂
∂tˆ
).g(eβ ,
∂
∂tˆ
) + 2g(eα,
∂
∂tˆ
).g(eβ ,∇rˆ∗
∂
∂tˆ
)
= 0
Therefore,
∫
S2
∫ r∗=r∗
r∗=r∗0
r2∇r∗ |F |2(t, r, ω)dr∗dσ2
=
∫
S2
∫ r∗=r∗
r∗=r∗0
r2hµαhνβ∇rˆ∗(|Fµν ||Fαβ |)(t, r, ω)
√
(1 − µ)dr∗dσ2
.
∫
S2
∫ r∗=r∗
r∗=r∗0
r2[|hµαhνβ ||∇rˆ∗ |Fµν ||.|Fαβ |+ |hµαhνβ ||Fµν |.|∇rˆ∗ |Fαβ ||](t, r, ω)
√
(1− µ)dr∗dσ2
.
∫
S2
∫ r∗=r∗
r∗=r∗0
r2[|hµαhνβ ||Lrˆ∗Fµν ||.|Fαβ |+ |hµαhνβ ||Fµν |.|Lrˆ∗Fαβ |](t, r, ω)
√
(1− µ)dr∗dσ2
.
∫
S2
∫ r∗=r∗
r∗=r∗0
r2[hµˆαˆhνˆβˆ|Lrˆ∗Fµˆνˆ ||.|Fαˆβˆ |+ hµˆαˆhνˆβˆ |Fµˆνˆ |.|Lrˆ∗Fαˆβˆ |](t, r, ω)
√
(1 − µ)dr∗dσ2
where µˆ, νˆ, αˆ, βˆ ∈ { ∂ˆ
∂t
, ∂ˆ
∂r∗
, ∂ˆ
∂θ
, ∂ˆ
∂φ
}.
As we have (see (7.3) in the Appendix),
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∇rˆ∗
∂ˆ
∂t
= 0
∇rˆ∗
∂ˆ
∂r∗
= 0
∇rˆ∗
∂
∂θˆ
= 0
∇rˆ∗
∂
∂φˆ
= 0
we get,
Lrˆ∗Fµˆνˆ = ∇rˆ∗Fµˆνˆ
Consequently, using Cauchy-Schwarz, we obtain
∫
S2
∫ r∗=r∗
r∗=r∗0
r2∇r∗ |F |2(t, r, ω)dr∗dσ2
. [
∫ r∗=r∗
r∗=r∗0
∫
S2
r2|∇rˆ∗F |2(1− µ)dσ2dr∗]
1
2 .[
∫ r∗=r∗
r∗=r∗0
∫
S2
r2|F |2dσ2dr∗] 12
We have,∫ r∗=r∗
r∗=r∗0
∫
S2
r2|F |2(1 − µ)(t, r, ω)dσ2dr∗ . E
(K)
F (t)
t2
+
E
(K)
F (t)
w2
Thus,
[
∫ r∗=r∗
r∗=r∗0
∫
S2
r2|F |2dσ2dr∗] 12 .
√
E
(K)
F (t)
t
+
√
E
(K)
F (t)
w
Now, considering the case where µˆ = rˆ∗, (or similarly if νˆ = rˆ∗), we can compute,
∇rˆ∗Frˆ∗νˆ = −∇tˆFtˆνˆ −∇θˆFθˆνˆ −∇φˆFφˆνˆ
(since the Maxwell fields are divergence free)
Therefore,
∇rˆ∗Frˆ∗νˆ = ∇tˆFtˆνˆ −∇θˆFθˆνˆ −∇φˆFφˆνˆ
And if both µ 6= rˆ, and ν 6= rˆ, we can compute,
∇rˆ∗Fµˆνˆ = −∇µˆFνˆrˆ∗ −∇νˆFrˆ∗µˆ
(by using the Bianchi identities)
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and therefore,
∇rˆ∗Fµˆνˆ = −∇µˆFνˆrˆ∗ −∇νˆFrˆ∗µˆ
where µˆ, νˆ ∈ { ∂ˆ
∂t
, ∂ˆ
∂θ
, ∂ˆ
∂φ
}.
In all cases, we get,
|∇rˆ∗Fµˆνˆ |2(1− µ) . [|∇tˆF |2 + |∇/F |2](1 − µ)
(using the triangular inequality and a.b . a2 + b2 )
Hence,
|∇rˆ∗F |2(1− µ) . [|∇tˆF |2 +
1
r2
3∑
j=1
|∇ΩjF |2](1− µ)
. |∇tF |2 +
3∑
j=1
|∇ΩjF |2
. hµαhνβ [|∇tFµν |.|∇tFαβ |+
3∑
j=1
hµαhνβ [|∇ΩjFµν |.|∇ΩjFαβ |
We have,
|∇tF |2
= hµαhνβ [|∇tFµν |.|∇tFαβ |
= hµαhνβ [|LtFµν − F (∇t ∂
∂µ
,
∂
∂ν
)− F ( ∂
∂µ
,∇t ∂
∂ν
)|.|LtFαβ − F (∇t ∂
∂α
,
∂
∂β
)− F ( ∂
∂α
,∇t ∂
∂β
)|
. |LtF |2 + |hµαhνβ ||F (∇t ∂
∂µ
,
∂
∂ν
)|.|F (∇t ∂
∂α
,
∂
∂β
)|+ |hµαhνβ ||F ( ∂
∂µ
,∇t ∂
∂ν
)|.|F ( ∂
∂α
,∇t ∂
∂β
)|
(using Cauchy-Schwarz inequality and a.b . a2 + b2 )
Since, ∂
∂t
is a smooth vector field away from the horizon, choosing a system of
coordinates to compute the contractions above, we get
|∇tF |2(1− µ) . |LtF |2 + |F |2
Similarly, we have,
|∇ΩjF |2
. |LΩjF |2 + |hµαhνβ ||F (∇Ωj
∂
∂µ
,
∂
∂ν
)|.|F (∇Ωj
∂
∂α
,
∂
∂β
)|
+|hµαhνβ ||F ( ∂
∂µ
,∇Ωj
∂
∂ν
)|.|F ( ∂
∂α
,∇Ωj
∂
∂β
)|
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Since Ωj , j ∈ {1, 2, 3} are smooth vector fields, computing the contractions above
in a system of coordinates, we obtain
3∑
j=1
|∇ΩjFµˆνˆ |2 .
3∑
j=1
|LΩjF |2 + |F |2
Finally, we have
|∇rˆ∗F |2(1 − µ) . |F |2 + |LtF |2 +
3∑
j=1
|LΩjF |2 (85)
Thus,
∫ r∗=r∗
r∗=r∗0
∫
S2
r2|Lr∗F |2dσ2dr∗
.
∫ r∗=r∗
r∗=r∗0
∫
S2
r2[|LtF |2 + |L/ F |2 + |F |2]dσ2dr∗
.
∫ r∗=r∗
r∗=r∗0
∫
S2
r2[|F |2 + |LtF |2]dσ2dr∗ +
3∑
j=1
∫ r∗=r∗
r∗=r∗0
∫
S2
|LΩjF |2dσ2dr∗
.
∫ r∗=r∗
r∗=r∗0
∫
S2
r2[|F |2 + |LtF |2]dσ2dr∗ +
3∑
j=1
∫ r∗=r∗
r∗=r∗0
∫
S2
r2
R2
|LΩjF |2dσ2dr∗
.
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
t2
+
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
w2
and therefore,
[
∫ r∗=r∗
r∗=r∗0
∫
S2
r2|Lr∗F |2dσ2dr∗] 12
.
√
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
|t| +
√
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
|w|
Thus,
∫ r∗=r∗
r∗=r∗0
∫
S2
r2 < Lr∗F, F >h (t, r, ω)dσ2dr∗
. (
√
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
|t| +
√
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
|w| )
.(
√
E
(K)
F (t)
t
+
√
E
(K)
F (t)
w
)
.
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
t2
+
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
w2
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By same,
∫ r∗=r∗
r∗=r∗L/ F
∫
S2
r2 < Lr∗L/ F,L/ F >h (t, r, ω)dσ2dr∗
.
3∑
i=1
3∑
j=1
[
E
(K)
LΩjF,LtLΩjF,LΩiLΩjF
(t)
t2
+
E
(K)
LΩjF,LtLΩjF,LΩiLΩjF
(t)
w2
]
and,
∫ r∗=r∗
r∗=r∗L/L/ F
∫
S2
r2 < Lr∗L/L/ F,L/L/ F >h (t, r, ω)dσ2dr∗
.
3∑
l=1
3∑
i=1
3∑
j=1
[
E
(K)
LΩiLΩjF,LtLΩiLΩjF,LΩlLΩiLΩjF
(t)
t2
+
E
(K)
LΩiLΩjF,LtLΩiLΩjF,LΩlLΩiLΩjF
(t)
w2
]
Using the fact that,
3∑
j=1
|LΩjΨ|2 = r2|L/Ψ|2 = |rL/Ψ|2
We have,
|rL/ rL/Ψ|2 = r2[r2|L/L/Ψ|2]
= r2[
3∑
j=1
|LΩjL/Ψ|2]
=
3∑
j=1
r2|L/LΩjΨ|2
=
3∑
i=1
3∑
j=1
|LΩiLΩjΨ|2
Finally, we obtain,
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r2|F |2(t, r, ω)
.
E
(K)
F,LtF,rL/ F (t)
t2
+
E
(K)
F,LtF,rL/ F (t)
w2
+
E
(K)
rL/ F,LtrL/ F,r2(L/ )2F (t)
t2
+
E
(K)
rL/ F,LtrL/ F,r2(L/ )2F (t)
w2
+
E
(K)
r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F (t)
t2
+
E
(K)
r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F (t)
w2
Since what is on the left hand side of the previous inequality is a contraction, it
can be computed in the basis { ∂ˆ
∂w
, ∂ˆ
∂v
, ∂ˆ
∂θ
, ∂ˆ
∂φ
}. Thus,
∑
µˆ,νˆ∈{ ∂ˆ
∂w
, ∂ˆ
∂v
, ∂ˆ
∂θ
, ∂ˆ
∂φ
}
|Fµˆνˆ |(w, v, ω)
.
[E
(K)
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F (t)]
1
2
rt
+
[E
(K)
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F (t)]
1
2
rw
For R fixed, consider first the region where t ≥ 1, and thus we have r+ t . rt. Con-
sequently, v = r∗+ t . 2r+ t . 2r+2t . rt, and v . t+r . r+ t−r∗ . r+w . rw
(since w ≥ 1).
For t ≤ 1, the region, ω ≥ 1, r ≥ R, t ≤ 1 is a bounded compact region, and
therefore, in this region
|Fµˆνˆ |(w, v, ω) . E(
∂
∂t
)
F (t = t0) + E
( ∂
∂t
)
∇F (t = t0)
(see [G])
. E
( ∂
∂t
)
F,LtF,rL/ F (t = t0)
Thus, we have,
|Fµˆνˆ |(w, v, ω) .
[E
(K)
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F (t)]
1
2
(1 + |v|)
.
EF
(1 + |v|)
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4.5. The region w ≤ −1, r ≥ R, |t| ≥ 1.
Again, we have the Sobolev inequality
r2|Fµˆνˆ |2 .
∫
S2
r2|F |2dσ2 +
∫
S2
r2|L/ F |2dσ2 +
∫
S2
r2|L/L/ F |2dσ2
We have,∫
S2
r2|F |2(t, r, ω)dσ2 .
∫
S2
r2|F |2(t,∞, ω)dσ2 +
∫
S2
∫ r∗=∞
r∗=r∗
∇r∗ [r2|F |2](t, r, ω)dr∗dσ2
.
∫
S2
∫ r∗=∞
r∗
2r|F |2(t, r, ω)(1 − µ)dr∗dσ2
+2
∫
S2
∫ r∗=∞
r∗=r∗
r2 < ∇r∗F, F >h (t, r, ω)dr∗dσ2
By the same, ∫
S2
r2|L/ F |2(t, r, ω)dσ2
.
∫
S2
∫ r∗=∞
r∗=r∗
2r|L/ F |2(t, r, ω)(1− µ)dr∗dσ2
+2
∫
S2
∫ r∗=∞
r∗=r∗
r2 < ∇r∗L/ F,L/ F >h (t, r, ω)dr∗dσ2
and, ∫
S2
r2|L/L/ F |2(t, r, ω)dσ2
.
∫
S2
∫ r∗=∞
r∗=r∗
2r|L/L/ F |2(t, r, ω)(1− µ)dr∗dσ2
+2
∫
S2
∫ r∗=∞
r∗=r∗
r2 < ∇r∗L/L/ F,L/L/ F >h (t, r, ω)dr∗dσ2
We have shown,
∫ r∗=r∗2
r∗=r∗1
∫
S2
(|Ψ
wˆθˆ
|2 + |Ψ
wˆφˆ
|2 + |Ψ
vˆθˆ
|2 + |Ψ
vˆφˆ
|2 + |Ψvˆwˆ|2 + |Ψφˆθˆ|2).(1 − µ)r2dσ2dr∗(t)
.
E
(K)
Ψ (t)
minw∈{t}∩{r∗1≤r∗≤r∗2} w
2
+
E
(K)
Ψ (t)
minv∈{t}∩{r∗1≤r∗≤r∗2} v
2
Thus,
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∫ r∗=r∗2
r∗=r∗1
∫
S2
|Ψ|2(t, r, ω)(1− µ)r2dσ2dr∗ . E
(K)
Ψ (t)
minw∈{t}∩{r∗1≤r∗≤r∗2} w
2
+
E
(K)
Ψ (t)
minv∈{t}∩{r∗1≤r∗≤r∗2} v
2
We have,
∫ r∗=∞
r∗=r∗
∫
S2
r|F |2(1 − µ)(t, r, ω)dσ2dr∗ .
∫ r∗=∞
r∗=r∗
r
R
∫
S2
r|F |2(1− µ)(t, r, ω)dσ2dr∗
.
E
(K)
F (t)
t2
+
E
(K)
F (t)
w2
Thus,
∫ r∗=∞
r∗=r∗
∫
S2
r|F |2(1− µ)(t, r, ω)dσ2dr∗ . E
(K)
F (t)
t2
+
E
(K)
F (t)
w2
and,
∫ r∗=∞
r∗=r∗
∫
S2
r|L/ F |2(1 − µ)(t, r, ω)dσ2dr∗ =
3∑
j=1
∫ r∗=∞
r∗=r∗
∫
S2
r
1
r2
|LΩjF |2(1− µ)(t, r, ω)dσ2dr∗
.
3∑
j=1
1
R2
∫ r∗=∞
r∗=r∗
∫
S2
r|LΩjF |2(1− µ)(t, r, ω)dσ2dr∗
.
3∑
j=1
[
E
(K)
LΩjF
(t)
t2
+
E
(K)
LΩjF
(t)
w2
]
By same,
∫ r∗=∞
r∗=r∗
∫
S2
r|L/L/ F |2(1− µ)(t, r, ω)dσ2dr∗ .
3∑
i=1
3∑
j=1
[
E
(K)
LΩiLΩjF
(t)
t2
+
E
(K)
LΩiLΩjF
(t)
w2
]
Now, we can estimate the term,
∫ r∗=∞
r∗=r∗
∫
S2
r2 < ∇r∗F, F >h (t, r, ω)dσ2dr∗
. [
∫ r∗=∞
r∗=r∗
∫
S2
r2|∇r∗F |2dσ2dr∗] 12 .[
∫ r∗=∞
r∗=r∗
∫
S2
r2|F |2dσ2dr∗] 12
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We have,
∫ r∗=∞
r∗=r∗
∫
S2
r2|F |2(1− µ)(t, r, ω)dσ2dr∗ . E
(K)
F (t)
t2
+
E
(K)
F (t)
w2
Thus,
[
∫ r∗=∞
r∗=r∗
∫
S2
r2|F |2dσ2dr∗] 12 .
√
E
(K)
F (t)
t
+
√
E
(K)
F (t)
w
We also have the estimate:
∫ r∗=∞
r∗=r∗
∫
S2
r2|∇r∗F |2dσ2dr∗
.
∫ r∗=∞
r∗=r∗
∫
S2
r2(|F |2 + |LtF |2 + |L/ F |2)dσ2dr∗
.
∫ r∗=∞
r∗=r∗
∫
S2
r2[|F |2 + |LtF |2]dσ2dr∗ +
3∑
j=1
∫ r∗=∞
r∗=r∗
∫
S2
r2
1
r2
|LΩjF |2dσ2dr∗
.
∫ r∗=∞
r∗=r∗
∫
S2
r2[|F |2 + |LtF |2]dσ2dr∗ +
3∑
j=1
1
R2
∫ r∗=∞
r∗=r∗
∫
S2
r2|LΩjF |2dσ2dr∗
.
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
t2
+
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
w2
and therefore,
[
∫ r∗=∞
r∗=r∗
∫
S2
r2|∇r∗F |2dσ2dr∗] 12
.
√
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
|t| +
√
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
|w|
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Thus, ∫ r∗=∞
r∗=r∗
∫
S2
r2 < ∇r∗F, F >h (t, r, ω)dσ2dr∗
. (
√
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
|t| +
√
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
|w| )
.(
√
E
(K)
F (t)
t
+
√
E
(K)
F (t)
w
)
.
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
t2
+
E
(K)
F (t) + E
(K)
LtF
(t) +
∑3
j=1 E
(K)
LΩjF
(t)
w2
.
E
(K)
F (t) + E
(K)
LtF
(t) + E
(K)
rL/ F (t)
t2
+
E
(K)
F (t) + E
(K)
LtF
(t) + E
(K)
rL/ F (t)
w2
By same,
∫ r∗=∞
r∗=r∗
∫
S2
r2 < ∇r∗L/ F,L/ F >h (t, r, ω)dσ2dr∗
.
E
(K)
rL/ F,LtrL/ F,r2(L/ )2F (t)
t2
+
E
(K)
rL/ F,LtrL/ F,r2(L/ )2F (t)
w2
and, ∫ r∗=∞
r∗=r∗
∫
S2
r2 < ∇r∗L/L/ F,L/L/ F >h (t, r, ω)dσ2dr∗
.
E
(K)
r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F (t)
t2
+
E
(K)
r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F (t)
w2
Finally, we obtain,
r2|F |2(t, r, ω)
.
E
(K)
F,LtF,rL/ F (t)
t2
+
E
(K)
F,LtF,rL/ F (t)
w2
+
E
(K)
rL/ F,LtrL/ F,r2(L/ )2F (t)
t2
+
E
(K)
rL/ F,LtrL/ F,r2(L/ )2F (t)
w2
+
E
(K)
r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F (t)
t2
+
E
(K)
r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F (t)
w2
Thus,
58 SARI GHANEM
|F |(w, v, ω) .
[E
(K)
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F (t)]
1
2
r|t|
+
[E
(K)
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F (t)]
1
2
r|w|
We have,
r∗ =
v − w
2
Thus, for w ≤ −1, we have, r∗ ≥ v, and hence r ≥ v. Therefore,
1
r
.
1
|v|
Since in this region we have |w| ≥ 1, and |t| ≥ 1, we get,
|Fµˆνˆ |(w, v, ω) .
[E
(K)
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F (t)]
1
2
(1 + |v|)
.
EF
(1 + |v|)
We also have for fixed R, and |t| ≥ 1, |w| = |t−r∗| . |r∗|+ |t| . 2r+ t . 2r+2|t| .
r|t|. Thus, in this region, we also have,
|Fµˆνˆ |(w, v, ω) .
[E
(K)
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F (t)]
1
2
(1 + |w|)
.
EF
(1 + |w|)
4.6. The region w ≤ −1, r ≥ R, −1 ≤ t ≤ 1.
Let,
t# = t− 2
When
−1 ≤ t ≤ 1
we have
−3 ≤ t# ≤ −1
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Let,
w# = t# − r∗ = t− r∗ − 2
When
w ≤ −1
we have
w# ≤ −3
Thus, the region w ≤ −1, r ≥ R, −1 ≤ t ≤ 1, is in the new system of coordinates
included in the region w# ≤ −1, r ≥ R, t# ≤ −1.
∂
∂t
is a Killing vector field, therefore, the time translation will keep the metric
invariant, i.e. in the new system of coordinates {t#, r, θ, φ} the metric is written
exactly as in the former system of coordinates {t, r, θ, φ}. Consequently, we will
have the same results proven previously, i.e., in the region w# ≤ −1, r ≥ R,
t# ≤ −1, we have:
|Fµˆνˆ |(w#, v#, ω) .
[EM
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F ]
1
2
(1 + |v#|)
.
[EM
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F ]
1
2
(1 + |v|)
and,
|Fµˆνˆ |(w#, v#, ω) .
[EM
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F ]
1
2
(1 + |w#|)
.
[EM
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F ]
1
2
(1 + |w|)
which gives,
|Fµˆνˆ |(w, v, ω) .
[EM
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F ]
1
2
(1 + |v|)
and,
|Fµˆνˆ |(w, v, ω) .
[EM
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F ]
1
2
(1 + |w|)
in the region w ≤ −1, r ≥ R, −1 ≤ t ≤ 1.
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4.7. The region −1 ≤ w ≤ 1, r ≥ R.
Let,
r∗⊲ = r∗ + 2
Then, when
−1 ≤ w ≤ 1
we have,
−3 ≤ w# ≤ −1
and, when
r∗ ≥ R∗
then,
r∗⊲ ≥ R∗ + 2 ≥ R∗
Thus, the region −1 ≤ w ≤ 1, r ≥ R is included, in the new system of coordinates,
in the region w⊲ ≤ −1, r∗⊲ ≥ R∗.
Notice that r∗ is defined up to a constant. With the new definition of r∗ everything
we have proven with r∗ works with r∗⊲ by replacing in (8), J
(G)
F (ti ≤ t ≤ ti+1)(r0 <
r < R0) by J
(G)⊲
F (ti ≤ t ≤ ti+1)(r⊲0 < r < R⊲0 ) defined by
J
(G)⊲
Ψ (r
⊲
0 < r < R
⊲
0 )(ti ≤ t ≤ ti+1)
=
∫ t=ti+1
t=ti
∫ r∗=R∗⊲0
r∗=r∗⊲0
∫
S2
[|Ψvˆwˆ|2 + 1
4
|Ψ
φˆθˆ
|2].dr∗⊲dσ2dt
=
∫ t=ti+1
t=ti
∫ r∗=R∗0+2
r∗=r∗0+2
∫
S2
[|Ψvˆwˆ|2 + 1
4
|Ψ
φˆθˆ
|2].dr∗dσ2dt
However, since the length of the interval w ∈ [−1, 1] was arbitrary; we only wanted
in the previous subsections to avoid w = 0, what is actually only needed is
J
(G)
Ψ (r0 < r < R0 + ǫ)(ti ≤ t ≤ ti+1)
=
∫ t=ti+1
t=ti
∫ r∗=R∗0+ǫ
r∗=r∗0
∫
S2
[|Ψvˆwˆ|2 + 1
4
|Ψ
φˆθˆ
|2].dr∗dσ2dt (86)
in assumption (8) with ǫ arbitrary small. Since we assume (8), we would obtain the
above, or take R0 as being the infimum of all Rˆ0 in (57) plus ǫ fixed. Therefore, in
the region w⊲ ≤ −1, r∗⊲ ≥ R∗. we have,
|Fµˆνˆ |(w⊲, v#, ω) .
[EM
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F ]
(1 + |v⊲|)
.
[EM
F,LtF,rL/ F,LtrL/ F,r2(L/ )2F,Ltr2(L/ )2F,r3(L/ )3F ]
(1 + |v|)
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which gives,
|F |(w, v, ω) . EF
(1 + |v|)
in the region −1 ≤ w ≤ 1, r ≥ R.
5. Decay of the Energy to Observers Traveling to the Black Hole
on v = constant Hypersurfaces Near the Horizon
5.1. The vector field H.
Let
H = − h(r
∗)
(1− µ)
∂
∂w
− h(r∗) ∂
∂v
(87)
= Hw
∂
∂w
+Hv
∂
∂v
Computing,
∂
∂w
hw =
∂r∗
∂w
∂
∂r∗
Hw +
∂t
∂w
∂
∂t
Hw
= −1
2
∂
∂r∗
Hw + 0
=
1
2(1− µ) [h
′ − µ
r
h]
where h
′
= ∂
∂r∗
h
And,
∂
∂v
Hw =
∂r∗
∂v
∂
∂r∗
Hw +
∂t
∂v
∂
∂t
Hw
=
1
2
∂
∂r∗
Hw + 0
=
−1
2(1− µ) [h
′ − µ
r
h]
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Similarly,
∂
∂v
Hv =
∂r∗
∂v
∂
∂r∗
Hv +
∂t
∂v
∂
∂t
Hv
=
1
2
∂
∂r∗
Hv + 0
= −1
2
h
′
∂
∂w
Hv =
∂r∗
∂w
∂
∂r∗
Hv +
∂t
∂w
∂
∂t
Hv
= −1
2
∂
∂r∗
Hv + 0
=
1
2
h
′
παβ(H)Tαβ(Ψ)
= [
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2]( −2
(1 − µ)∂vH
w)
+[
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( −2
(1 − µ)∂wH
v)
+[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2](−2[∂vHv + ∂wHw + (3µ− 2)
2r
(Hv −Hw)])
Thus,
παβ(H)Tαβ(Ψ)
= [
1
r2(1− µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2](
1
(1 − µ) [h
′ − µ
r
h])
+[
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( −1
(1 − µ)h
′
)
+[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]
.[−2( 1
2(1− µ) [(h
′ − (1− µ)h′)− µ
r
h]) +
(2− 3µ)
(1− µ)r (h− (1− µ)h)]
(88)
We have,
F
(H)
Ψ (w = wi)(vi ≤ v ≤ vi+1) =
∫ v=vi+1
v=vi
∫
S2
Jα(H)n
αdV olw=wi(w = wi) (89)
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where
nα = g(
∂
∂v
,
∂
∂t
)−1(
∂
∂v
)α
=
−2
(1− µ) (
∂
∂v
)α
and
dV olw=wi = g(
∂
∂t
,
∂
∂t
)r2dσ2dv
= −(1− µ)r2dσ2dv
We get
F
(H)
Ψ (w = wi)(vi ≤ v ≤ vi+1)
=
∫ v=vi+1
v=vi
∫
S2
−2[ h(r
∗)
(1− µ)Twv + h(r
∗)Tvv]r
2dσ2dv
=
∫ v=vi+1
v=vi
∫
S2
−2[ h(r
∗)
(1− µ) (
1
(1 − µ) |Ψvw|
2 +
(1− µ)
4r4 sin2 θ
|Ψφθ|2)
+h(r∗)(
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2)]r2dσ2dv
=
∫ v=vi+1
v=vi
∫
S2
−2[h(r∗)( 1
(1 − µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2)
+h(r∗)(
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2)]r2dσ2dv (90)
and,
F
(H)
Ψ (v = vi)(wi ≤ w ≤ wi+1) =
∫ w=wi+1
w=wi
∫
S2
Jα(H)n
αdV olv=vi(v = vi) (91)
where
nα = g(
∂
∂w
,
∂
∂t
)−1(
∂
∂w
)α
=
−2
(1 − µ) (
∂
∂w
)α
and
dV olv=vi = g(
∂
∂t
,
∂
∂t
)r2dσ2dw
= −(1− µ)r2dσ2dw
Thus,
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F
(H)
Ψ (v = vi)(wi ≤ w ≤ wi+1)
=
∫ w=wi+1
w=wi
∫
S2
−2[ h(r
∗)
(1− µ)Tww + h(r
∗)Tvw]r
2dσ2dw
=
∫ w=wi+1
w=wi
∫
S2
−2[ h(r
∗)
(1− µ) (
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2)
+h(r∗)(
1
(1− µ) |Ψvw|
2 +
(1− µ)
4r4 sin2 θ
|Ψφθ|2)]r2dσ2dw
We get
F
(H)
Ψ (v = vi)(wi ≤ w ≤ wi+1)
=
∫ w=wi+1
w=wi
∫
S2
−2[(1− µ)h(r∗)( 1
r2(1 − µ)2 |Ψwθ|
2 +
1
r2 sin2 θ(1− µ)2 |Ψwφ|
2)
+(1− µ)h(r∗)( 1
(1 − µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2)]r2dσ2dw (92)
Applying the divergence theorem for Ψµν in a rectangle in the Penrose diagram
representing the exterior of the Schwarzschild space-time of which one side contains
the horizon, say in the region [wi,∞].[vi, vi+1] :
∫ v=vi+1
v=vi
∫ w=∞
w=wi
∫
S2
([
1
r2(1 − µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2](
1
(1− µ) [h
′ − µ
r
h])
+([
1
r2(1− µ) |Ψvθ|
2 +
1
r2 sin2 θ(1− µ) |Ψvφ|
2](−h′)
+[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]
.[
−1
(1 − µ) [(h
′ − (1− µ)h′)− µ
r
h] +
(2− 3µ)
(1− µ)r (h− (1− µ)h)]).r
2dσ2(1− µ)dwdv
= −F (H)Ψ (w =∞)(vi ≤ v ≤ vi+1) + F (H)Ψ (w = wi)(vi ≤ v ≤ vi+1)
−F (H)Ψ (v = vi+1)(wi ≤ w ≤ ∞) + F (H)Ψ (v = vi)(wi ≤ w ≤ ∞)
We are going to choose h such that
h(r∗ = −∞) = 1
and for all r > 2m :
h ≥ 0
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Furthermore, we let h be supported in the region 2m ≤ r ≤ (1.2)r1 for r1 chosen
such that, 2m < r0 ≤ r1 < (1.2)r1 < 3m. We choose h such that, for all r ≤ r1, we
have
µ
r
h− h′ ≥ 0 (93)
h > 0 (94)
h′ ≥ 0 (95)
−1
(1− µ)h
′
+
3
r
h ≤ 0 (96)
µ[
−1
(1− µ)h
′
+
3
r
h] ≤ −h (97)
Computing∫ v=vi+1
v=vi
∫ w=∞
w=wi
∫
S2
[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]
.[
−1
(1 − µ) [(h
′ − (1− µ)h′)− µ
r
h] +
(2− 3µ)
(1− µ)r (h− (1− µ)h)].r
2dσ2(1− µ)dwdv
=
∫ v=vi+1
v=vi
∫ w=∞
w=wi
∫
S2
[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]
.[
−1
(1 − µ) [µh
′ − µ
r
h] +
(2− 3µ)
(1− µ)r (µh)].r
2dσ2(1− µ)dwdv
=
∫ v=vi+1
v=vi
∫ w=∞
w=wi
∫
S2
[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]
.
µ
(1− µ) [(
h
r
− h′) + (2− 3µ)
r
h].r2dσ2(1 − µ)dwdv
=
∫ v=vi+1
v=vi
∫ w=∞
w=wi
∫
S2
[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]
.µ[
−1
(1 − µ)h
′
+
3
r
h].r2dσ2(1− µ)dwdv (98)
Let,
I
(H)
Ψ (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)
=
∫ v=vi+1
v=vi
∫ w=∞
w=wi
∫
S2
([
1
r2(1− µ)2 |Ψwθ|
2 +
1
r2 sin2 θ(1− µ)2 |Ψwφ|
2](h
′ − µ
r
h)
+([
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( −h
′
(1− µ) )
+[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2].µ[ −1
(1 − µ)h
′
+
3
r
h]).r2dσ2(1 − µ)dwdv
(99)
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Then, we have,
−F (H)Ψ (w = wi)(vi ≤ v ≤ vi+1)− F (H)Ψ (v = vi)(wi ≤ w ≤ ∞)
= −I(H)Ψ (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)
−F (H)Ψ (w =∞)(vi ≤ v ≤ vi+1)− F (H)Ψ (v = vi+1)(wi ≤ w ≤ ∞)
(100)
We choose r1 small enough such that (1.2)r1 < 3m .
5.2. Estimate 1.
For (wi, vi) such that r(wi, vi) = r1, where r1 is as determined in the construction
of the vector field H , and for vi+1 ≥ vi, we have
−F (H)Ψ (w = wi)(vi ≤ v ≤ vi+1) . F
( ∂
∂t
)
Ψ (w = wi)(vi ≤ v ≤ vi+1) (101)
Proof
We have,
F
( ∂
∂t
)
Ψ (w = wi)(vi ≤ v ≤ vi+1) =
∫ v=vi+1
v=vi
∫
S2
Jα(
∂
∂t
)nαdV olw=wi(w = wi)
where
nα = g(
∂
∂v
,
∂
∂t
)−1(
∂
∂v
)α
=
−2
(1− µ) (
∂
∂v
)α
and
dV olw=wi = g(
∂
∂t
,
∂
∂t
)r2dσ2dv
= −(1− µ)r2dσ2dv
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We get
F
( ∂
∂t
)
Ψ (w = wi)(vi ≤ v ≤ vi+1) =
∫ v=vi+1
v=vi
∫
S2
2[Tvv + Twv]r
2dσ2dv
=
∫ v=vi+1
v=vi
∫
S2
2[
1
(1− µ) |Ψvw|
2 +
(1 − µ)
4r4 sin2 θ
|Ψφθ|2
+
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]r2dσ2dv
=
∫ v=vi+1
v=vi
∫
S2
2[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2
+
1
r2(1− µ) |Ψvθ|
2 +
1
r2 sin2 θ(1− µ) |Ψvφ|
2]r2(1− µ)dσ2dv
We showed that,
F
(H)
Ψ (w = wi)(vi ≤ v ≤ vi+1)
=
∫ v=vi+1
v=vi
∫
S2
−2[h(r∗)( 1
(1 − µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2)
+h(r∗)(
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2)]r2dσ2dv
The region w = wi and vi ≤ v ≤ vi+1 is in the region r ≥ r1 as r(wi, vi) = r1, and
vi+1 ≥ vi. Thus, in this region
h(r∗)
(1− µ) . 1
which gives immediately (101).
5.3. Estimate 2.
Let
ti+1 = (1.1)ti
Define,
J
(C)
Ψ (ti ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) =
∫ t=ti+1
t=ti
∫ r∗=R∗0
r∗=r∗0
∫
S2
[|Ψvˆwˆ|2 + 1
4
|Ψ
φˆθˆ
|2].|r∗ − (3m)∗|.dr∗dσ2dt
(102)
From (13), we have
J
(C)
Ψ (ti ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) . |Eˆ
( ∂
∂t
)
Ψ (ti)|+ |Eˆ
( ∂
∂t
)
Ψ (ti+1)|
(103)
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Recall that
2m < r0 ≤ r1 < (1.2)r1 < 3m
We have,
∫ t=ti+1
t=ti
∫ r∗=∞
r∗=−∞
∫
S2
[|Ψ
rˆ∗θˆ
|2 + |Ψ
rˆ∗φˆ
|2 + |Ψ
tˆθˆ
|2 + |Ψ
tˆφˆ
|2].χ[r∗1 ,(1.2)r∗1 ]r2(1− µ)dσ2dr∗dt
. |E(
∂
∂t
)
Ψ (−(0.85)ti ≤ r∗ ≤ (0.85)ti)(t = ti)|
(104)
Proof
Let,
f(r∗) =
∫ r∗
r∗=−∞
χ[r∗1 ,(1.2)r∗1 ](r
∗)dr∗ (105)
where χ is the sharp cut-off function, such that,
f(r∗) = 1, for r∗1 < r
∗ < (1.2)r∗1
and
f(r) = 0, for r∗ ∈]−∞, r∗1 ] ∪ [(1.2)r∗1 ,∞[
We get from (49) applied to f ,
Tαβ(Ψµν)παβ(G)
= [
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2 + 1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]
χ[r∗1 ,(1.2)r∗1 ]
(1− µ)
−2[ 1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2](χ[r∗1 ,(1.2)r∗1 ] +
(3µ− 2)
r
∫ r∗
r∗=−∞
χ[r∗1 ,(1.2)r∗1 ]dr
∗)
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Applying the divergence theorem between the two hypersurfaces {t = ti} and {t =
ti+1}, we obtain∫ t=ti+1
t=ti
∫ r∗=∞
r∗=−∞
∫
S2
[
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2 + 1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]
χ[r∗1 ,(1.2)r∗1 ]
(1− µ)
.r2(1 − µ)dr∗dσ2dt
=
∫ t=ti+1
t=ti
∫ r∗=∞
r∗=−∞
∫
S2
2[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2](χ[r∗1 ,(1.2)r∗1 ]
+
(3µ− 2)
r
∫ r∗
r∗=−∞
χ[r∗1 ,(1.2)r∗1 ]dr
∗).r2(1 − µ)dr∗dσ2dt
+E
(G)
Ψ (ti+1)− E(G)Ψ (ti)
≤
∫ t=ti+1
t=ti
∫ r∗=(1.2)r∗1
r∗=r∗1
∫
S2
2[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2].r2(1− µ)dr∗dσ2dt
+
∫ t=ti+1
t=ti
∫ r∗=(3m)∗
r∗=r∗0
∫
S2
2[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2](1
r
[(3m)∗ − r∗0 ]).r2(1− µ)dr∗dσ2dt
+E
(G)
Ψ (ti+1)− E(G)Ψ (ti)
. J
(C)
Ψ (ti ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) + E(G)Ψ (ti+1)− E(G)Ψ (ti)
Instead of Ψ, take Ψˆ as in the proof of (58), we get,
∫ t=ti+1
t=ti
∫ r∗=∞
r∗=−∞
∫
S2
[
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2 + 1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]
χ[r∗1 ,(1.2)r∗1 ]
(1− µ)
.r2(1 − µ)dr∗dσ2dt
≤
∫ t=ti+1
t=ti
∫ r∗=∞
r∗=−∞
∫
S2
[
1
r2
|Ψˆwθ|2 + 1
r2 sin2 θ
|Ψˆwφ|2 + 1
r2
|Ψˆvθ|2 + 1
r2 sin2 θ
|Ψˆvφ|2]
χ[r∗1 ,(1.2)r∗1 ]
(1− µ)
.r2(1 − µ)dr∗dσ2dt
. J
(C)
Ψˆ
(ti ≤ t ≤ ti+1)(r0 ≤ r ≤ R0) + E(G)Ψˆ (ti+1)− E
(G)
Ψˆ
(ti)
Recall that we have,
|E(G)
Ψˆ
(−∞ ≤ r∗ ≤ ∞)(ti)| . |E(
∂
∂t
)
Ψ (−(0.85)ti ≤ r∗ ≤ (0.85)ti)(t = ti)|
Thus, ∫ t=ti+1
t=ti
∫ r∗=∞
r∗=−∞
∫
S2
1
2
[|Ψˆrˆ∗tˆ|2 + |Ψˆθˆφˆ|2]χ[r∗1 ,1.2r∗1 ]r2(1− µ)dr∗dσ2dt
. J
(C)
Ψˆ
(ti ≤ t ≤ ti+1)(−∞ ≤ r∗ ≤ ∞)
. |E(G)
Ψˆ
(−∞ ≤ r∗ ≤ ∞)|
. |E(
∂
∂t
)
Ψ (−(0.85)ti ≤ r∗ ≤ (0.85)ti)(t = ti)|
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5.4. Estimate 3.
For
wi = ti − r∗1
vi = ti + r
∗
1
where r1 is as determined in the construction of the vector field H , we have
−I(H)Ψ (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)
−F (H)Ψ (w =∞)(vi ≤ v ≤ vi+1)− F (H)Ψ (v = vi+1)(wi ≤ w ≤ ∞)
≤ CF (
∂
∂t
)
Ψ (w = wi)(vi ≤ v ≤ vi+1)− F (H)Ψ (v = vi)(wi ≤ w ≤ ∞) (106)
(where C is a constant)
And,
−I(H)Ψ (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)(r ≤ r1)
−F (H)Ψ (v = vi+1)(wi ≤ w ≤ ∞)− F (H)Ψ (w =∞)(vi ≤ v ≤ vi+1)
. F
( ∂
∂t
)
Ψ (w = wi)(vi ≤ v ≤ vi+1)− F (H)Ψ (v = vi)(wi ≤ w ≤ ∞)
+|E(
∂
∂t
)
Ψ (−(0.85)ti ≤ r∗ ≤ (0.85)ti)(t = ti)|| (107)
Proof
We showed that,
−I(H)Ψ (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)
−F (H)Ψ (w =∞)(vi ≤ v ≤ vi+1)− F (H)Ψ (v = vi+1)(wi ≤ w ≤ ∞)
= −F (H)Ψ (w = wi)(vi ≤ v ≤ vi+1)− F (H)Ψ (v = vi)(wi ≤ w ≤ ∞)
From (101), we have,
−F (H)Ψ (w = wi)(vi ≤ v ≤ vi+1) . F
( ∂
∂t
)
Ψ (w = wi)(vi ≤ v ≤ vi+1)
This proves (106). On the other hand, for all r ≤ r1, we have,
−1
(1− µ)h
′
+
3
r
h ≤ 0 (108)
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Thus,
−
∫ v=vi+1
v=vi,r≤r1
∫ w=∞
w=wi
∫
S2
[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2].µ[ −1
(1 − µ)h
′
+
3
r
h]
.r2dσ2(1− µ)dwdv
≥ 0 (109)
whereas,
|
∫ v=vi+1
v=vi,r≥r1
∫ w=∞
w=wi
∫
S2
[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2].µ[ −1
(1− µ)h
′
+
3
r
h]
.r2(1 − µ)dσ2dwdv|
. J
(C)
Ψ (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)(r1 ≤ r ≤ (1.2)r1)
. |E(
∂
∂t
)
Ψ (−(0.85)ti ≤ r∗ ≤ (0.85)ti)(t = ti)| (110)
J
(C)
Ψ (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)(r1 ≤ r ≤ 1.2r1)
. |E(
∂
∂t
)
Ψ (−(0.85)ti ≤ r∗ ≤ (0.85)ti)(t = ti)|
and,
|
∫ v=vi+1
v=vi,r≥r1
∫ w=∞
w=wi
∫
S2
([
1
r2(1− µ) |Ψwθ|
2 +
1
r2 sin2 θ(1− µ) |Ψwφ|
2](
1
(1 − µ) |h
′ − µ
r
h|)
+([
1
r2
|Ψvθ|2 + 1
r2 sin2 θ)
|Ψvφ|2]( −h
′
(1 − µ) )).r
2dσ2(1 − µ)dwdv|
.
∫ v=vi+1
v=vi,r≥r1
∫ w=∞
w=wi
∫
S2
[
1
r2(1− µ) |Ψwθ|
2 +
1
r2 sin2 θ(1− µ) |Ψwφ|
2
+
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2].χ[r∗1 ,1.2r∗1 ].r2dσ2dwdv
where χ[r1,1.2r1] is a smooth positive cut-off function supported on [r
∗
1 , 1.2r
∗
1 ].
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From (104),
∫ v=vi+1
v=vi,r≥r1
∫ w=∞
w=wi
∫
S2
[
1
r2(1− µ) |Ψwθ|
2 +
1
r2 sin2 θ(1− µ) |Ψwφ|
2
+
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2].χ[r∗1 ,1.2r∗1 ].r2dσ2dwdv
. |E(
∂
∂t
)
Ψ (−(0.85)ti ≤ r∗ ≤ (0.85)ti)(t = ti)|
We get,
|I(H)Ψ |(vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)(r ≥ r1) . |E
( ∂
∂t
)
Ψ (−(0.85)ti ≤ r∗ ≤ (0.85)ti)(t = ti)|
This proves (107).
5.5. Estimate 4.
Let vi+1 ≥ vi. We have
inf
vi≤v≤vi+1
−F (H)Ψ (v)(wi ≤ w ≤ ∞) (111)
.
−I(H)Ψ (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)(r ≤ r1)
(vi+1 − vi) + supvi≤v≤vi+1
F
( ∂
∂t
)
Ψ (v)(wi ≤ w ≤ ∞)(r ≥ r1)
Proof
We have,
−F (H)Ψ (v)(wi ≤ w ≤ ∞) =
∫ w=∞
w=w1
∫
S2
2[h(r∗)(
1
r2(1 − µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2)
+(1− µ)h(r∗)( 1
(1 − µ)2 |Ψvw|
2 +
1
4r4 sin2 θ(1 − µ) |Ψθφ|
2)]r2dσ2dw
and we have
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−I(H)Ψ (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)
=
∫ v=vi+1
v=vi
∫ w=∞
w=wi
∫
S2
([
1
r2(1 − µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2](
1
(1− µ) [
µ
r
h− h′ ])
+([
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( h
′
(1− µ) )
+[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2].µ[ 1
(1− µ)h
′ − 3
r
h]).r2dσ2(1− µ)dwdv
Given the expression of h, h′, in the region r ≤ r1, we get for v ≥ vi,
−F (H)Ψ (v)(wi ≤ w ≤ ∞)(r ≤ r1)
.
∫ w=∞
w=wi,r≤r1
∫
S2
([
1
r2(1 − µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2](
1
(1− µ) [
µ
r
h− h′ ])
+([
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( h
′
(1− µ) )
+[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2].µ[ 1
(1− µ)h
′ − 3
r
h]).r2dσ2(1− µ)dw
On the other hand, we have,
F
( ∂
∂t
)
Ψ (v = vi)(wi ≤ w ≤ wi+1)
=
∫ w=wi+1
w=wi
∫
S2
2[Tww + Twv]r
2dσ2dw
=
∫ w=wi+1
w=wi
∫
S2
2[
1
(1− µ) |Ψvw|
2 +
(1− µ)
4r4 sin2 θ
|Ψφθ|2
+
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2]r2dσ2dv
=
∫ w=wi+1
w=wi
∫
S2
2[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2
+
1
r2(1− µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2]r2(1− µ)dσ2dw
Thus, from the boundedness of h, h′, we have in r ≥ r1,
−F (H)Ψ (v)(wi ≤ w ≤ ∞)(r ≥ r1)
.
∫ w=∞
w=wi,r≥r1
∫
S2
(
1
r2(1− µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2
+
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2).r2dσ2(1− µ)dw
. F
( ∂
∂t
)
Ψ (v)(wi ≤ w ≤ ∞)(r ≥ r1)
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Thus,
−F (H)Ψ (v)(wi ≤ w ≤ ∞)
.
∫ w=∞
w=wi,r≤r1
∫
S2
([
1
r2(1 − µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2](
1
(1− µ) [
µ
r
h− h′ ])
+([
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( h
′
(1− µ) )
+[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2].µ[ 1
(1− µ)h
′ − 3
r
h]).r2dσ2(1− µ)dw
+F
( ∂
∂t
)
Ψ (v)(wi ≤ w ≤ ∞)(r ≥ r1)
We have,
(vi+1 − vi) inf
vi≤v≤vi+1
−F (H)Ψ (v)(wi ≤ w ≤ ∞)
≤
∫ v=vi+1
v=vi
−F (H)Ψ (v)(wi ≤ w ≤ ∞)dv
.
∫ v=vi+1
v=vi,r≤r1
∫ w=∞
w=wi
∫
S2
([
1
r2(1− µ) |Ψwθ|
2 +
1
r2 sin2 θ(1− µ) |Ψwφ|
2](
1
(1 − µ) [
µ
r
h− h′ ])
+([
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2]( h
′
(1− µ) )
+[
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2].µ[ 1
(1− µ)h
′ − 3
r
h]).r2dσ2(1− µ)dwdv
+
∫ v=vi+1
v=vi
F
( ∂
∂t
)
Ψ (v)(wi ≤ w ≤ ∞)(r ≥ r1)dv
. −I(H)Ψ (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)(r ≤ r1)
+(vi+1 − vi) sup
vi≤v≤vi+1
F
( ∂
∂t
)
Ψ (v)(wi ≤ w ≤ ∞)(r ≥ r1)
5.6. Estimate 5.
For
wi = ti + r1
vi = ti + r1
where r1 is as determined in the construction of the vector field H , we have
0 ≤ −I(H)Ψ (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)(r ≤ r1) . |E
( ∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0)
(112)
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where,
E
#( ∂
∂t
)
Ψ (t = t0)
=
∫ r∗=∞
r∗=−∞
∫
S2
[
1
r2(1− µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2 +
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2
+
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2].r2dσ2dr∗(t = t0)
(113)
Proof
Computing,
E
(H)
Ψ (t) =
∫ r∗=∞
r∗=−∞
∫
S2
Jα(H)(Ψµν)n
αdV olt (114)
where nα = − ( ∂∂t )
α√
(1−µ)
and dV olt=ti = r
2
√
(1− µ)dσ2dr∗, we get,
E
(H)
Ψ (t) =
∫ r∗=∞
r∗=−∞
∫
S2
− 1√
(1− µ) (
∂
∂t
)αJα(H)(Ψµν)r
2
√
(1− µ)dσ2dr∗
Therefore,
E
(H)
Ψ (t) =
∫ r∗=∞
r∗=−∞
∫
S2
−(H)αTtα(Ψµν)r2dσ2dr∗
=
∫ r∗=∞
r∗=−∞
∫
S2
[
h
(1 − µ)Ttw + hTtv]r
2dσ2dr∗
=
∫ r∗=∞
r∗=−∞
∫
S2
[
h
(1 − µ)Tww +
h
(1− µ)Tvw + hTwv + hTvv]r
2dσ2dr∗
=
∫ r∗=∞
r∗=−∞
∫
S2
[
h
(1 − µ) (
1
r2
|Ψwθ|2 + 1
r2 sin2 θ
|Ψwφ|2)
+
h
(1− µ) (
1
(1 − µ) |Ψvw|
2 +
(1− µ)
4r4 sin2 θ
|Ψφθ|2)
+h(
1
(1− µ) |Ψvw|
2 +
(1− µ)
4r4 sin2 θ
|Ψφθ|2)
+h(
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2)]r2dσ2dr∗
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Hence,
E
(H)
Ψ (t) =
∫ r∗=∞
r∗=−∞
∫
S2
[h(1 − µ)(|Ψ
wˆθˆ
|2 + 1
r2 sin2 θ
|Ψ
wˆφˆ
|2)
+h(|Ψvˆwˆ|2 + 1
4
|Ψ
φˆθˆ
|2) + h(1− µ)(|Ψvˆwˆ|2 + 1
4
|Ψ
φˆθˆ
|2)
+h(|Ψ
vˆθˆ
|2 + |Ψ
vˆφˆ
|2)]r2dσ2dr∗
By using the divergence theorem in the region (v ≤ v0)(t0 ≤ t ≤ ∞)(r ≤ r1), we
−I(H)Ψ (v ≤ v0)(t0 ≤ t ≤ ∞)(r ≤ r1)
−F (H)Ψ (v = v0)(w0 ≤ w ≤ ∞)− F (H)Ψ (w =∞)(−∞ ≤ v ≤ v0)
= E
(H)
Ψ (t0)
(115)
Due to the positivity of the terms on the left hand side, we get
−F (H)Ψ (v = v0)(w0 ≤ w ≤ ∞) . E(H)Ψ (t0)
. E
#( ∂
∂t
)
Ψ (t = t0) (116)
where,
E
#( ∂
∂t
)
Ψ (t = t0)
=
∫ r∗=∞
r∗=−∞
∫
S2
[
1
r2(1− µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2 +
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2
+
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2].r2dσ2dr∗(t = t0)
From the divergence theorem and the fact that ∂
∂t
is Killing, it is easy to see that
by integrating in a suitable region and using the positivity of the energy we get,
F
( ∂
∂t
)
Ψ (w = wi)(vi ≤ v ≤ vi+1) = F
( ∂
∂t
)
Ψ (w = wi)(vi ≤ v ≤ vi+1)(r ≥ r1)
. |E(
∂
∂t
)
Ψ (−(0.85)ti ≤ r∗ ≤ (0.85)ti)(t = ti)|
(117)
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From (107), we get,
−I(H)Ψ (v0 ≤ v ≤ v1)(w0 ≤ w ≤ ∞)(r ≤ r1)
−F (H)Ψ (v = v1)(w0 ≤ w ≤ ∞)− F (H)Ψ (w =∞)(v0 ≤ v ≤ v1)
. F
( ∂
∂t
)
Ψ (w = w0)(v0 ≤ v ≤ v1)− F (H)Ψ (v = v0)(w0 ≤ w ≤ ∞)
+|E(
∂
∂t
)
Ψ (−(0.85)t0 ≤ r∗ ≤ (0.85)t0)(t = t0)||
. |E(
∂
∂t
)
Ψ (−(0.85)t0 ≤ r∗ ≤ (0.85)t0)(t = t0)|+ E
#( ∂
∂t
)
Ψ (t = t0)
(from (116) and (117)).
By recurrence from inequality (107), and using (117), we obtain for all i integer
−I(H)Ψ (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)(r ≤ r1)
−F (H)Ψ (v = vi+1)(wi ≤ w ≤ ∞)− F (H)Ψ (w =∞)(vi ≤ v ≤ vi+1)
. F
( ∂
∂t
)
Ψ (w = wi)(vi ≤ v ≤ vi+1)− F (H)Ψ (v = vi)(wi ≤ w ≤ ∞)
+|E(
∂
∂t
)
Ψ (−(0.85)ti ≤ r∗ ≤ (0.85)ti)(t = ti)||
. |E(
∂
∂t
)
Ψ (−(0.85)ti ≤ r∗ ≤ (0.85)ti)(t = ti)|+ E
#( ∂
∂t
)
Ψ (t = t0)
Due to sign of h, and the definition of h, we have that the terms in each of the
integrands on the left hand side are positive, hence, we obtain (112).
5.7. Estimate 6.
For all v, let
w0(v) = v − 2r∗1
Let
v+ = max{1, v} (118)
We have,
−F (H)Ψ (v)(w0(v) ≤ w ≤ ∞) .
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
M
Ψ ]
v2+
(119)
and,
−F (H)Ψ (w)(v − 1 ≤ v ≤ v) .
[|E( ∂∂t )Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
M
Ψ ]
v2+
(120)
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Proof
Let,
vi = ti + r
∗
1 (121)
wi = ti − r∗1 (122)
where ti is defined as in (76):
ti = (1.1)
it0
We have shown that,
inf
vi≤v≤vi+1
−F (H)Ψ (v)(wi ≤ w ≤ ∞)
.
−I(H)Ψ (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)(r ≤ r1)
(vi+1 − vi) + supvi≤v≤vi+1
F
( ∂
∂t
)
Ψ (v)(wi ≤ w ≤ ∞)(r ≥ r1)
Lemma 5.8. We have,
sup
vi≤v≤vi+1
F
( ∂
∂t
)
Ψ (v)(wi ≤ w ≤ ∞)(r ≥ r1) .
E
(K)
Ψ (ti)
t2i
(123)
Proof
By integrating in a well chosen region and using the divergence theorem we get
that,
sup
vi≤v≤vi+1
F
( ∂
∂t
)
Ψ (v)(wi ≤ w ≤ ∞)(r ≥ r1)
.
∫ r∗=Cr∗1
r∗=cr∗1
∫
S2
([
1
r2(1 − µ) |Ψwθ|
2 +
1
r2 sin2 θ(1 − µ) |Ψwφ|
2] + [
1
r2(1− µ) |Ψvθ|
2
+
1
r2 sin2 θ(1− µ) |Ψvφ|
2] + [
1
(1 − µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]).(1− µ)r2dσ2dr∗(ti)(124
We showed that,
∫ r∗=r∗2
r∗=r∗1
∫
S2
([
1
r2(1− µ) |Ψwθ|
2 +
1
r2 sin2 θ(1− µ) |Ψwφ|
2] + [
1
r2(1 − µ) |Ψvθ|
2
+
1
r2 sin2 θ(1− µ) |Ψvφ|
2] + [
1
(1 − µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]).(1− µ)r2dσ2dr∗(t)
.
E
(K)
Ψ (t)
minw∈{t}∩{r∗1≤r∗≤r∗2} w
2
+
E
(K)
Ψ (t)
minv∈{t}∩{r∗1≤r∗≤r∗2} v
2
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Thus, (124) gives,
sup
vi≤v≤vi+1
F
( ∂
∂t
)
Ψ (v)(wi ≤ w ≤ ∞)(r ≥ r1) .
E
(K)
Ψ (ti)
t2i
(125)
And we showed that,
−I(H)Ψ (vi ≤ v ≤ vi+1)(wi ≤ w ≤ ∞)(r ≤ r1) . |E
( ∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0)
Thus, we obtain,
inf
vi≤v≤vi+1
F
(H)
Ψ (v)(wi ≤ w ≤ ∞) .
1
(vi+1 − vi) [|E
( ∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0)] +
E
(K)
Ψ (ti)
t2i
(126)
and thus, there exists a v#i ∈ [vi, vi+1] where above inequality holds.
We have,
vi+1 − vi = ti+1 + r∗1 − (ti + r∗1) = ti+1 − ti = (1.1)i+1t0 − (1.1)it0 = (1.1)it0(1.1− 1)
= (0.1)(1.1)it0
= 0.1ti (127)
Let,
w#i = v
#
i − 2r∗1 (128)
Therefore,
−F (H)Ψ (v#i )(w#i ≤ w ≤ ∞) . −F (H)Ψ (v#i )(wi ≤ w ≤ ∞)
(due to the positivity of −F (H)Ψ (v#i )(wi ≤ w ≤ ∞))
.
1
ti
[|E( ∂∂t )Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0)] +
E
(K)
Ψ (ti)
t2i
(by (126)).
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From (107), applied in the region [w#i ,∞].[v#i , vi+1], we get due to the positivity
of −I(H)Ψ (v#i ≤ v ≤ vi+1)(w#i ≤ w ≤ ∞)(r ≤ r1), and −F (H)Ψ (w = ∞)(v#i ≤ v ≤
vi+1), that,
−F (H)Ψ (v = vi+1)(w#i ≤ w ≤ ∞)
. F
( ∂
∂t
)
Ψ (w = w
#
i )(v
#
i ≤ v ≤ vi+1)− F (H)Ψ (v = v#i )(w#i ≤ w ≤ ∞)
+|E(
∂
∂t
)
Ψ (−(0.85)ti ≤ r∗ ≤ (0.85)ti)(t = ti)|
Lemma 5.9.
F
( ∂
∂t
)
Ψ (w = w
#
i )(v
#
i ≤ v ≤ vi+1) .
E
(K)
Ψ (ti)
t2i
Proof
By applying the divergence theorem in a well chosen region, we get,
F
( ∂
∂t
)
Ψ (w = w
#
i )(v
#
i ≤ v ≤ vi+1) . |E
( ∂
∂t
)
Ψ (r
∗
1 ≤ r∗ ≤
vi+1 − (2ti − vi+1)
2
)(t = ti)|
. |E(
∂
∂t
)
Ψ (r
∗
1 ≤ r∗ ≤ vi+1 − ti)(t = ti)|
. |E(
∂
∂t
)
Ψ (r
∗
1 ≤ r∗ ≤ ti+1 + r∗1 − ti)(t = ti)|
. |E(
∂
∂t
)
Ψ (r
∗
1 ≤ r∗ ≤ (1.1)ti + r∗1 − ti)(t = ti)|
. |E(
∂
∂t
)
Ψ (r
∗
1 ≤ r∗ ≤ (0.1)ti + r∗1)(t = ti)|
(129)
We proved that,
|E(
∂
∂t
)
Ψ (r
∗
1 ≤ r∗ ≤ (0.1)ti + r∗1)(t = ti)|
=
∫ r∗=(0.1)ti+r∗1
r∗=r∗1
∫
S2
([
1
r2(1− µ) |Ψwθ|
2 +
1
r2 sin2 θ(1− µ) |Ψwφ|
2] + [
1
r2(1− µ) |Ψvθ|
2
+
1
r2 sin2 θ(1− µ) |Ψvφ|
2] + [
1
(1 − µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψφθ|2]).(1− µ)r2dσ2dr∗(t)
.
E
(K)
Ψ (ti)
minw∈{ti}∩{−r∗1≤r∗≤(0.1)ti+r∗1} w
2
+
E
(K)
Ψ (ti)
minv∈{ti}∩{r∗1≤r∗≤(0.1)ti+r∗1} v
2
.
E
(K)
Ψ (ti)
minr∗∈{r∗1≤r∗≤(0.1)ti+r∗1} |ti − r∗|2
+
E
(K)
Ψ (ti)
minr∗∈{r∗1≤r∗≤(0.1)ti+r∗1} |ti + r∗|2
(130)
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For r∗ ∈ [r∗1 , (0.1)ti + r∗1 ],
ti − r∗1 ≥ ti − r∗ ≥ ti − [(0.1)ti + r∗1 ] = (0.9)ti − r∗1
We have,
(0.9)ti − r∗1 ≥ 0
(for ti large enough)
Thus,
|(0.9)ti − r∗1 |2 ≤ |ti − r∗|2 ≤ |ti − r∗1 |2
min
r∗∈{r∗1≤r
∗≤(0.1)ti+r∗1}
|ti − r∗|2 ≥ |(0.9)ti − r∗1 |2
Therefore,
E
(K)
Ψ (ti)
minr∗∈{r∗1≤r∗≤(0.1)ti+r∗1} |ti − r∗|2
.
E
(K)
Ψ (ti)
t2i
and thus,
|E(
∂
∂t
)
Ψ (r
∗
1 ≤ r∗ ≤ (0.1)ti + r∗1)(t = ti)| .
E
(K)
Ψ (ti)
t2i
Therefore,
F
( ∂
∂t
)
Ψ (w = w
#
i )(v
#
i ≤ v ≤ vi+1) .
E
(K)
Ψ (ti)
t2i
We also have,
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|E(
∂
∂t
)
Ψ (−(0.85)ti ≤ r∗ ≤ (0.85)ti)(t = ti)| .
E
(K)
Ψ (ti)
t2i
Thus,
−F (H)Ψ (v = vi+1)(w#i ≤ w ≤ ∞) .
1
ti
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0)] +
E
(K)
Ψ (ti)
t2i
.
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
(K)
Ψ (ti)]
ti
(from the above)
and thus,
−F (H)Ψ (v = vi+1)(wi+1 ≤ w ≤ ∞) . −F (H)Ψ (v = vi+1)(w#i ≤ w ≤ ∞)
.
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
(K)
Ψ (ti)]
ti
(131)
(due to the positivity of −F (H)Ψ (v = vi+1)(w#i ≤ w ≤ ∞)).
Repeating the same procedure,
Lemma 5.10.
−I(H)Ψ (vi+1 ≤ v ≤ vi+2)(wi+1 ≤ w ≤ ∞)(r ≤ r1) .
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
M
Ψ ]
ti
Proof
We get from (107),
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−I(H)Ψ (vi+1 ≤ v ≤ vi+2)(wi+1 ≤ w ≤ ∞)(r ≤ r1)
. F
( ∂
∂t
)
Ψ (w = wi+1)(vi+1 ≤ v ≤ vi+2)− F (H)Ψ (v = vi+1)(wi+1 ≤ w ≤ ∞)
+|E(
∂
∂t
)
Ψ (−(0.85)ti+1 ≤ r∗ ≤ (0.85)ti+1)(t = ti+1)|
(due to the positivity of−F (H)Ψ (w =∞)(vi+1 ≤ v ≤ vi+2), −F (H)Ψ (v = vi+2)(wi+1 ≤
w ≤ ∞) and −I(H)Ψ (vi+1 ≤ v ≤ vi+2)(wi+1 ≤ w ≤ ∞)(r ≤ r1))
We have,
|E( ∂∂t )Ψ (−(0.85)ti+1 ≤ r∗ ≤ (0.85)ti+1)(t = ti+1)| .
E
(K)
Ψ (ti+1)
t2i+1
and,
−F (H)Ψ (v = vi+1)(wi+1 ≤ w ≤ ∞) .
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
(K)
Ψ (ti)]
ti
(from above)
And,
F
( ∂
∂t
)
Ψ (w = wi+1)(vi+1 ≤ v ≤ vi+2) . |E
( ∂
∂t
)
Ψ (r
∗
1 ≤ r∗ ≤
vi+2 − (2ti+1 − vi+2)
2
)(t = ti+1)|
. |E(
∂
∂t
)
Ψ (r
∗
1 ≤ r∗ ≤ (0.1)ti+1 + r∗1)(t = ti+1)|
We proved,
|E( ∂∂t )Ψ (r∗1 ≤ r∗ ≤ (0.1)ti+1 + r∗1)(t = ti+1)| .
E
(K)
Ψ (ti+1)
t2i+1
hence,
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F
( ∂
∂t
)
Ψ (w = wi+1)(vi+1 ≤ v ≤ vi+2) .
E
(K)
Ψ (ti+1)
t2i+1
Therefore,
−I(H)Ψ (vi+1 ≤ v ≤ vi+2)(wi+1 ≤ w ≤ ∞)(r ≤ r1) .
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
M
Ψ ]
ti
Using (111), we get,
inf
vi+1≤v≤vi+2
F
(H)
Ψ (v)(wi+1 ≤ w ≤ ∞) .
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
M
Ψ ]
ti+1(vi+2 − vi+1) +
EMΨ
t2i+1
.
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
M
Ψ ]
t2i+1
and thus, there exists a v#i+1 ∈ [vi+1, vi+2] where above inequality holds. We get,
F
(H)
Ψ (v
#
i+1)(w
#
i+1 ≤ w ≤ ∞) . F (H)Ψ (v#i+1)(wi+1 ≤ w ≤ ∞)
.
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
M
Ψ ]
t2i+1
As before, we let,
w#i+1 = v
#
i+1 − 2r∗1
From (107), applied in the region [w#i+1,∞].[v#i+1, vi+2], we get due to the positivity
of −I(H)Ψ (v#i+1 ≤ v ≤ vi+2)(w#i+1 ≤ w ≤ ∞), and −F (H)Ψ (w =∞)(v#i+1 ≤ v ≤ vi+2),
that,
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−F (H)Ψ (v = vi+2)(w#i+1 ≤ w ≤ ∞)
. F
( ∂
∂t
)
Ψ (w = w
#
i+1)(v
#
i+1 ≤ v ≤ vi+2)− F (H)Ψ (v = v#i+1)(w#i+1 ≤ w ≤ ∞)
+|E(
∂
∂t
)
Ψ (−(0.85)ti+1 ≤ r∗ ≤ (0.85)ti+1)(t = ti+1)|
We proved that,
F
( ∂
∂t
)
Ψ (w = w
#
i+1)(v
#
i+1 ≤ v ≤ vi+2) .
E
(K)
Ψ (ti+1)
t2i+1
We also have,
|E(
∂
∂t
)
Ψ (−(0.85)ti+1 ≤ r∗ ≤ (0.85)ti+1)(t = ti+1)| .
E
(K)
Ψ (ti+1)
t2i+1
Therefore,
−F (H)Ψ (v = vi+2)(w#i+1 ≤ w ≤ ∞) .
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
M
Ψ ]
t2i+1
and finally,
−F (H)Ψ (v = vi+2)(wi+2 ≤ w ≤ ∞) . −F (H)Ψ (v = vi+2)(w#i+1 ≤ w ≤ ∞)
.
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
M
Ψ ]
t2i+1
.
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
M
Ψ ]
v2+(i+1)
(due to the positivity of −F (H)Ψ (v = vi+2)(w#i+1 ≤ w ≤ ∞)).
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6. The Proof of Decay Near the Horizon
Let v+ be as defined in (118), we will prove that for all r ≤ r1,
|Fvˆwˆ(v, w, ω)| . E1
v+
|Fe1e2(v, w, ω)| .
E1
v+
where,
E1 = [
6∑
j=0
E
( ∂
∂t
)
rj(L/ )jF (t = t0) +
5∑
j=0
E
(K)
rj(L/ )jF (t = t0) +
3∑
j=1
E
#( ∂
∂t
)
rj(L/ )jF (t = t0)]
1
2
and,
|Fvˆe1(v, w, ω)| .
E2
v+
|Fvˆe2(v, w, ω)| .
E2
v+
|
√
1− 2m
r
Fwˆe1(v, w, ω)| .
E2
v+
|
√
1− 2m
r
Fwˆe2(v, w, ω)| .
E2
v+
where,
E2 = [E
2
F +
1∑
i=0
2∑
j=1
E
#( ∂
∂t
)
rj(L/ )j(Lt)iF (t = t0) + E
#( ∂
∂t
)
r3(L/ )3F (t = t0)]
1
2
= [
1∑
i=0
5∑
j=0
E
( ∂
∂t
)
rj(L/ )j(Lt)iΨ(t = t0) + E
( ∂
∂t
)
r6(L/ )6Ψ(t = t0)
+
1∑
i=0
4∑
j=0
E
(K)
rj(L/ )j(Lt)iΨ(t = t0) + E
(K)
r5(L/ )5(t = t0)
+
1∑
i=0
2∑
j=1
E
#( ∂
∂t
)
rj(L/ )j(Lt)iF (t = t0) + E
#( ∂
∂t
)
r3(L/ )3F (t = t0)]
1
2
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Proof
6.1. Decay for Fvˆwˆ and Fe1e2 .
We have the Sobolev inequality,
|Fvˆwˆ(v, w, ω)|2 .
∫ v=v
v=v−1
∫
S2
(|Fvˆwˆ|2 + |LvFvˆwˆ|2 + |L/ Fvˆwˆ|2
+|L/LvFvˆwˆ|2 + |(L/ )2Fvˆwˆ|2 + |(L/ )2LvFvˆwˆ|2)dσ2dv
LvˆΨvˆwˆ = ∇vˆΨvˆwˆ −Ψ(∇vˆ ∂ˆ
∂v
,
∂ˆ
∂w
)− Ψ( ∂ˆ
∂v
,∇vˆ ∂ˆ
∂w
)
= −1
2
∇wˆΨvˆwˆ − µ
2r
Ψvˆwˆ +
µ
2r
Ψvˆwˆ
=
1
2
[∇eˆaΨvˆeˆa +∇eˆbΨvˆeˆb ]
=
1
2
[∇eˆaΨvˆeˆa +∇eˆbΨvˆeˆb ]
=
1
2
[LeˆaΨvˆeˆa −Ψ(∇eˆa vˆ, eˆa)−Ψ(vˆ,∇eˆa eˆa) + LeˆbΨvˆeˆb −Ψ(∇eˆb vˆ, eˆb)−Ψ(vˆ,∇eˆb eˆb)]
=
1
2
[LeˆaΨvˆeˆa −Ψ(vˆ,∇eˆa eˆa) + LeˆbΨvˆeˆb −Ψ(vˆ,∇eˆb eˆb)]
(by using the field equations)
Thus,
∫ v=v
v=v−1
∫
S2
|LvΨvˆwˆ(v, w, ω)|2dσ2dv
.
∫ v=v
v=v−1
∫
S2
| − ∇eˆaΨvˆeˆa −∇eˆbΨvˆeˆb |2dσ2dv
.
∫ v=v
v=v−1
∫
S2
(|∇eˆaΨvˆeˆa |2 + |∇eˆbΨvˆeˆb |2)dσ2dv
.
∫ v=v
v=v−1
∫
S2
(|L/Ψvˆeˆa |2 + |L/Ψvˆeˆb |2 + |Ψvˆwˆ|2 + |Ψvˆeˆa |2 + |Ψvˆeˆb |2)dσ2dv
.
∫ v=v
v=v−1
∫
S2
(|rL/Ψvˆeˆa |2 + |rL/Ψvˆeˆb |2 + |Ψvˆwˆ|2 + |Ψvˆeˆa |2 + |Ψvˆeˆb |2)r2dσ2dv
(for r ≥ 2m > 0)
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Recall that,
−F (H)Ψ (w)(v − 1 ≤ v ≤ v)
= −F (H)Ψ (w)(v − 1 ≤ v ≤ v)− F (H2)Ψ (w)(v − 1 ≤ v ≤ v)
=
∫ v=v
v=v−1
∫
S2
2h(r∗)[
1
r2
|Ψvθ|2 + 1
r2 sin2 θ
|Ψvφ|2
+
1
(1− µ)2 |Ψvw|
2 +
1
4r4 sin2 θ
|Ψθφ|2]r2dσ2dv
=
∫ v=v
v=v−1
∫
S2
2h(r∗)[|Ψve1 |2 + |Ψve2 |2 +
1
(1− µ)2 |Ψvw|
2 +
1
4
|Ψe1e2 |2]r2dσ2dv
(by computing (90) using the orthonormal basis ea, a ∈ {1, 2} instead of ∂
∂θˆ
and
∂
∂φˆ
which are singular at θ = 0, π).
Consequently,
∫ v=v
v=v−1
∫
S2
|LvΨvˆwˆ(v, w, ω)|2dσ2dv . −F (H)
Ψ,rL/Ψ(w)(v − 1 ≤ v ≤ v)
Therefore, we have,
|Fvˆwˆ(v, w, ω)| .
∫ v=v
v=v−1
∫
S2
(|Fvˆwˆ|2 + |LvFvˆwˆ|2 + |L/ Fvˆwˆ|2
+|L/LvFvˆwˆ|2 + |(L/ )2Fvˆwˆ|2 + |(L/ )2LvFvˆwˆ|2)dσ2dv
. −F (H)
F,rL/ F,r2(L/ )2F,r3(L/ )3F (w)(v − 1 ≤ v ≤ v)
From (120), we proved that,
−F (H)Ψ (w)(v − 1 ≤ v ≤ v) .
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
M
Ψ ]
v2+
Thus,
−F (H)
F,rL/ F,r2(L/ )2F,r3(L/ )3F (w)(v − 1 ≤ v ≤ v)
.
E
( ∂
∂t
)
F,rL/ F,r2(L/ )2F,r3(L/ )3F (t = t0) + E
#( ∂
∂t
)
F,rL/ F,r2(L/ )2F,r3(L/ )3F (t = t0)
v2+
+
EM
F,rL/ F,r2(L/ )2F,r3(L/ )3F (t = t0)
v2+
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E
( ∂
∂t
)
F,rL/ F,r2(L/ )2F,r3(L/ )3F (t = t0) + E
#( ∂
∂t
)
F,rL/ F,r2(L/ )2F,r3(L/ )3F (t = t0)
+EM
F,rL/ F,r2(L/ )2F,r3(L/ )3F (t = t0)
=
3∑
j=0
E
( ∂
∂t
)
rj(L/ )jF (t = t0) +
3∑
j=0
E
#( ∂
∂t
)
rj(L/ )jF (t = t0) +
3∑
j=0
EM
rj(L/ )jF
Recall that,
EMF =
3∑
j=0
E
( ∂
∂t
)
rj(L/ )jF (t = t0) +
2∑
j=0
E
(K)
rj(L/ )jF (t = t0)
Thus,
3∑
j=0
E
(M)
rj(L/ )jF = E
( ∂
∂t
+K)
F,rL/ F,r2(L/ )2F,r3(L/ )3F,r4(L/ )4F,r5(L/ )5F (t = t0) + E
( ∂
∂t
)
r6(L/ )6F (t = t0)
.
6∑
j=1
E
( ∂
∂t
)
rj(L/ )jF (t = t0) +
5∑
j=1
E
(K)
rj(L/ )jF (t = t0)
We get,
|Fvˆwˆ(v, w, ω)|2
.
∑3
j=0 E
#( ∂
∂t
)
rj(L/ )jF (t = t0) +
∑6
j=0 E
( ∂
∂t
)
rj(L/ )jF (t = t0) +
∑5
j=0 E
(K)
rj(L/ )jF (t = t0)
v+
Finally we get,
|Fvˆwˆ(v, w, ω)| . E1
v+
where E1 is defined as follows,
E1 = [
6∑
j=0
E
( ∂
∂t
)
rj(L/ )jF (t = t0) +
5∑
j=0
E
(K)
rj(L/ )jF (t = t0) +
3∑
j=1
E
#( ∂
∂t
)
rj(L/ )jF (t = t0)]
1
2
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Concerning the component Fe1e2 , similarly, we have the Sobolev inequality,
|Fe1e2(v, w, ω)|2 .
∫ v=v
v=v−1
∫
S2
(|Fe1e2 |2 + |LvFe1e2 |2 + |L/ Fe1e2 |2
+|L/LvFe1e2 |2 + |(L/ )2Fe1e2 |2 + |(L/ )2LvFe1e2 |2)dσ2dv
LvˆΨe1e2 = ∇vˆΨe1e2 −Ψ(∇vˆe1, e2)−Ψ(e1,∇vˆe2)
= −∇e1Ψe2vˆ −∇e2Ψvˆe1
= ∇e1Ψvˆe2 −∇e2Ψvˆe1
= Le1Ψvˆe2 −Ψ(∇e1 vˆ, e2)−Ψ(vˆ,∇e1e2)− Le2Ψvˆe1 +Ψ(∇e2 vˆ, e1) + Ψ(vˆ,∇e2e1)
Therefore, ∫ v=v
v=v−1
∫
S2
|LvΨe1e2(v, w, ω)|2dσ2dv
.
∫ v=v
v=v−1
∫
S2
(|Le1Ψvˆe2 |2 + |Le2Ψvˆe1 |2 + |Ψe1e2 |2 + |Ψvˆe2 |2)dσ2dv
.
∫ v=v
v=v−1
∫
S2
(|L/Ψvˆe1 |2 + |L/Ψvˆe2 |2 + |Ψe1e2 |2 + |Ψvˆe2 |2)dσ2dv
. −F (H)
Ψ,rL/Ψ(w)(v − 1 ≤ v ≤ v)
(using what we already proved, and the fact that r is bounded in the region 0 <
2m ≤ r ≤ R).
Consequently, we have,
|Fe1e2(v, w, ω)|2 . −F (H)
F,rL/ F,r2(L/ )2F,r3(L/ )3F (w)(v − 1 ≤ v ≤ v)
We proved that,
−F (H)
F,rL/ F,r2(L/ )2F,r3(L/ )3F (w)(v − 1 ≤ v ≤ v)
.
E
#( ∂
∂t
)
F,rL/ F,r2(L/ )2F,r3(L/ )3F (t = t0) + E
M
F,rL/ F,r2(L/ )2F,r3(L/ )3F
v2+
Thus,
|Fe1e2(v, w0, ω)|| .
E1
v+
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6.2. Decay for Fvˆe1 and Fvˆe2 .
We have the Sobolev inequality,
|F
vˆθˆ
(v, w, ω)|2 .
∫ v=v
v=v−1
∫
S2
(|F
vˆθˆ
|2 + |LvFvˆθˆ|2 + |L/ Fvˆθˆ|2
+|L/LvFvˆθˆ|2 + |(L/ )2Fvˆθˆ|2 + |(L/ )2LvFvˆθˆ|2)dσ2dv
On one hand, we can compute,
LvˆΨvˆθˆ = ∇vˆΨvˆθˆ +Ψ(∇vˆ vˆ, θˆ) + Ψ(vˆ,∇vˆθˆ)
= ∇vˆΨvˆθˆ +
µ
2r
Ψ
vˆθˆ
∇vˆΨvˆθˆ =
1
2
∇vˆ(Ψtθˆ +Ψr∗θˆ) =
1
2
∇( 1
2
∂
∂t
+ 1
2
∂
∂r∗
)(Ψtθˆ +Ψr∗θˆ)
=
1
4
∇t(Ψtθˆ + Ψr∗θˆ) +
1
4
∇r∗(Ψtθˆ +Ψr∗θˆ)
=
1
4
∇t(Ψtθˆ + Ψr∗θˆ) +
1
4
(−∇tΨθˆr∗ −∇θˆΨr∗t +∇tΨtθˆ − (1− µ)∇φˆΨφˆθˆ)
=
1
2
∇t(Ψtθˆ + Ψr∗θˆ)−
1
4
(∇
θˆ
Ψr∗t + (1− µ)∇φˆΨφˆθˆ)
= ∇tΨvˆθˆ −
1
4
(1 − µ)(∇
θˆ
Ψrˆ∗tˆ +∇φˆΨφˆθˆ)
(where we used the field equations and the Bianchi identities).
Thus,
∇vˆΨvˆθˆ = LtΨvˆθˆ −Ψ(∇tvˆ, θˆ)−Ψ(vˆ,∇tθˆ)
+
(1− µ)
4
[−L
θˆ
Ψrˆ∗tˆ +Ψ(∇θˆ rˆ∗, tˆ) + Ψ(rˆ∗,∇θˆ tˆ)
−L
φˆ
Ψ
φˆθˆ
+Ψ(∇
φˆ
φˆ, θˆ) + Ψ(φˆ,∇
φˆ
θˆ)]
= LtΨvˆθˆ −
µ
2r
Ψ
vˆθˆ
+
1
4
(1− µ)[−L
θˆ
Ψrˆ∗tˆ +
√
1− µ
r
Ψ
θˆtˆ
− L
φˆ
Ψ
φˆθˆ
−
√
1− µ
r
Ψ
rˆ∗θˆ
]
= LtΨvˆθˆ −
1
4
(1− µ)L
θˆ
Ψrˆ∗tˆ −
1
4
(1− µ)L
φˆ
Ψ
φˆθˆ
−1
2
(
µ
r
+
(1− µ)
r
)Ψ
vˆθˆ
= LtΨvˆθˆ −
(1− µ)
2
L
θˆ
Ψvˆwˆ − (1− µ)
4
L
φˆ
Ψ
φˆθˆ
−1
2
(
µ
r
+
(1− µ)
r
)Ψ
vˆθˆ
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Hence,
LvˆΨvˆθˆ = ∇vˆΨvˆθˆ +
µ
2r
Ψ
vˆθˆ
= LtΨvˆθˆ −
(1− µ)
2
L
θˆ
Ψvˆwˆ − (1− µ)
4
L
φˆ
Ψ
φˆθˆ
− (1 − µ)
2r
Ψ
vˆθˆ
and similarly, we obtain,
LvˆΨvˆφˆ = LtΨvˆφˆ −
(1− µ)
2
L
φˆ
Ψvˆwˆ − (1− µ)
4
L
θˆ
Ψ
θˆφˆ
− (1− µ)
2r
Ψ
vˆφˆ
Thus, for r ≥ 2m > 0,
|LvΨvˆθˆ|2 = |LtΨvˆθˆ −
(1− µ)
2
L
θˆ
Ψvˆwˆ − (1− µ)
4
L
φˆ
Ψ
φˆθˆ
− (1− µ)
2r
Ψ
vˆθˆ
|2
. |LtΨvˆθˆ|2 + |LθˆΨvˆwˆ|2 + |LφˆΨφˆθˆ|2 + |Ψvˆθˆ|2
(by using a.b . a2 + b2)
We get,
|LvΨvˆθˆ|2 . |LtΨvˆθˆ|2 + |L/Ψvˆwˆ|2 + |L/Ψθˆφˆ|2 + |Ψvˆθˆ|2
. |LtΨvˆθˆ|2 + |rL/Ψvˆwˆ|2 + |rL/Ψθˆφˆ|2 + |Ψvˆθˆ|2
(in the region 0 < 2m ≤ r ≤ R).
Therefore,
|F
vˆθˆ
(v, w, ω)|2
.
∫ v=v
v=v−1
∫
S2
(|F
vˆθˆ
|2 + |LvFvˆθˆ|2 + |L/ Fvˆθˆ|2
+|L/LvFvˆθˆ|2 + |(L/ )2Fvˆθˆ|2 + |(L/ )2LvFvˆθˆ|2)dσ2dv
.
∫ v=v
v=v−1
∫
S2
(|F
vˆθˆ
|2 + |LvFvˆθˆ|2 + |rL/ Fvˆθˆ|2
+|rL/LvFvˆθˆ|2 + |r2(L/ )2Fvˆθˆ|2 + |r2(L/ )2LvFvˆθˆ|2)dσ2dv
. −F (H)
F,rL/ F,r2(L/ )2F,LtF,rL/LtF,r2(L/ )2LtF,r3(L/ )3F (w)(v − 1 ≤ v ≤ v)
.
2∑
j=0
1∑
i=0
−F (H)
rj(L/ )j(Lt)iF (w)(v − 1 ≤ v ≤ v)− F
(H)
r3(L/ )3F (w)(v − 1 ≤ v ≤ v)
MAXWELL ON BLACK HOLES 93
From estimate (120),
−F (H)Ψ (w)(v − 1 ≤ v ≤ v) .
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
M
Ψ ]
v2+
Recall that,
EMΨ =
3∑
j=0
E
( ∂
∂t
)
rj(L/ )jΨ(t = t0) +
2∑
j=0
E
(K)
rj(L/ )jΨ(t = t0)
Therefore,
|F
vˆθˆ
(v, w, ω)| . E2
v+
where,
E2 = [
5∑
j=0
1∑
i=0
E
( ∂
∂t
)
rj(L/ )j(Lt)iF (t = t0) + E
( ∂
∂t
)
r6(L/ )6F (t = t0)
+
4∑
j=0
1∑
i=0
E
(K)
rj(L/ )j(Lt)iF (t = t0) + E
(K)
r5(L/ )5F (t = t0)
+
2∑
j=1
1∑
i=0
E
#( ∂
∂t
)
rj(L/ )j(Lt)iF (t = t0) + E
#( ∂
∂t
)
r3(L/ )3F (t = t0)]
1
2
= [E2F +
2∑
j=1
1∑
i=0
E
#( ∂
∂t
)
rj(L/ )j(Lt)iF (t = t0) + E
#( ∂
∂t
)
r3(L/ )3F (t = t0)]
1
2
and similarly,
|F
vˆφˆ
(v, w, ω)| . E2
v+
6.3. Decay for
√
1− 2m
r
Fwˆe1 and
√
1− 2m
r
Fwˆe2 .
We have the Sobolev inequality,
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|
√
(1 − µ)F
wˆθˆ
(v, w, ω)|2
.
∫ w=∞
w=w0
∫
S2
(|
√
(1− µ)F
wˆθˆ
|2 + |Lw(
√
(1− µ)F
wˆθˆ
)|2 + |L/ (
√
(1− µ)F
wˆθˆ
)|2
+|L/Lw(
√
(1 − µ)F
wˆθˆ
)|2 + |(L/ )2(
√
(1− µ)F
wˆθˆ
)|2
+|(L/ )2Lw(
√
(1− µ)F
wˆθˆ
)|2)dσ2dw
We have,
LwˆΨwˆθˆ = ∇wˆΨwˆθˆ +Ψ(∇wˆwˆ, θˆ) + Ψ(wˆ,∇wˆ θˆ)
= ∇wˆΨwˆθˆ
=
1
(1− µ)2∇wΨwθˆ
Computing,
∇wΨwθˆ =
1
2
∇w(Ψtθˆ −Ψr∗θˆ) =
1
2
∇( 1
2
∂
∂t
− 1
2
∂
∂r∗
)(Ψtθˆ −Ψr∗θˆ)
=
1
4
∇t(Ψtθˆ −Ψr∗θˆ)−
1
4
∇r∗(Ψtθˆ −Ψr∗θˆ)
=
1
4
∇t(Ψtθˆ −Ψr∗θˆ)−
1
4
(−∇tΨθˆr∗ −∇θˆΨr∗t −∇tΨtθˆ + (1− µ)∇φˆΨφˆθˆ)
=
1
4
∇t(Ψtθˆ −Ψr∗θˆ) +
1
4
(−∇tΨr∗θˆ +∇tΨtθˆ +∇θˆΨr∗t − (1− µ)∇φˆΨφˆθˆ)
=
1
2
∇t(Ψtθˆ −Ψr∗θˆ) +
(1− µ)
4
(∇
θˆ
Ψrˆ∗tˆ −∇φˆΨφˆθˆ)
(using the field equations and the Bianchi identities).
Thus,
∇wΨwθˆ =
1
2
(∇tΨtθˆ −∇tΨr∗θˆ) +
(1− µ)
4
(∇
θˆ
Ψrˆ∗tˆ −∇φˆΨφˆθˆ)
=
1
2
(LtΨtθˆ −
µ
2r
Ψ
r∗θˆ
− LtΨr∗θˆ +
µ
2r
Ψ
tθˆ
)
+
(1− µ)
4
(L
θˆ
Ψrˆ∗tˆ −
√
1− µ
r
Ψ
θˆtˆ
− L
φˆ
Ψ
φˆθˆ
−
√
1− µ
r
Ψ
rˆ∗θˆ
)
= LtΨwθˆ +
(1 − µ)
4
(L
θˆ
Ψrˆ∗tˆ − LφˆΨφˆθˆ) +
µ
2r
Ψ
wˆθˆ
+
(1− µ)
2r
Ψ
wθˆ
= LtΨwθˆ +
(1 − µ)
2
L
θˆ
Ψvˆwˆ − (1− µ)
4
L
φˆ
Ψ
φˆθˆ
+Ψ
wθˆ
and similarly, we obtain,
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∇wΨwφˆ = LtΨwφˆ +
(1− µ)
2
L
φˆ
Ψvˆwˆ − (1− µ)
4
L
θˆ
Ψ
θˆφˆ
+Ψ
wφˆ
Therefore,
LwΨwˆθˆ = (1− µ)LwˆΨwˆθˆ =
1
(1− µ)∇wΨwθˆ
= LtΨwˆθˆ +
1
2
L
θˆ
Ψvˆwˆ − 1
4
L
φˆ
Ψ
φˆθˆ
+Ψ
wˆθˆ
Hence,
|LwΨwˆθˆ|2 . |LtΨwˆθˆ|2 + |LθˆΨvˆwˆ|2 + |LφˆΨφˆθˆ|2 + |Ψwˆθˆ|2
(by using a.b . a2 + b2)
We get,
|LwΨwˆθˆ|2 . |LtΨwˆθˆ|2 + |L/Ψvˆwˆ|2 + |L/Ψθˆφˆ|2 + |Ψwˆθˆ|2
. |LtΨwˆθˆ|2 + |rL/Ψvˆwˆ|2 + |rL/Ψθˆφˆ|2 + |Ψwˆθˆ|2
(in the region 0 < 2m ≤ r ≤ R).
We also have,
∂
∂w
√
(1− µ) = (1
2
∂
∂t
− 1
2
∂
∂r∗
)
√
(1− µ) = − (1− µ)
2
∂
∂r
√
(1− µ) = − (1− µ)
2
µ
2r
√
(1− µ)
= − µ
4r
√
(1− µ)
Thus,
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|
√
(1 − µ)F
wˆθˆ
(v, w, ω)|2
.
∫ w=∞
w=w0
∫
S2
(|
√
(1− µ)F
wˆθˆ
|2 + |Lw(
√
(1− µ)F
wˆθˆ
)|2 + |L/ (
√
(1− µ)F
wˆθˆ
)|2
+|L/Lw(
√
(1 − µ)F
wˆθˆ
)|2 + |(L/ )2(
√
(1− µ)F
wˆθˆ
)|2
+|(L/ )2Lw(
√
(1− µ)F
wˆθˆ
)|2)dσ2dw
.
∫ w=∞
w=w0
∫
S2
(1 − µ)(|F
wˆθˆ
|2 + |LwFwˆθˆ|2 + |rL/ Fwˆθˆ|2
+|rL/LwFwˆθˆ|2 + |r2(L/ )2Fwˆθˆ|2 + |r2(L/ )2LwFwˆθˆ|2)dσ2dw
. −F (H)
F,rL/ F,r2(L/ )2F,LtF,rL/LtF,r2(L/ )2LtF,r3(L/ )3F (v)(w0 ≤ w ≤ ∞)
.
2∑
j=0
1∑
i=0
−F (H)
rj(L/ )j(Lt)iF (v)(w0 ≤ w ≤ ∞)− F
(H)
r3(L/ )3F (v)(w0 ≤ w ≤ ∞)
From estimate 6,
−F (H)Ψ (v)(w0 ≤ w ≤ ∞) .
[|E(
∂
∂t
)
Ψ |+ E
#( ∂
∂t
)
Ψ (t = t0) + E
M
Ψ ]
v2+
As
EMΨ =
3∑
j=0
E
( ∂
∂t
)
rj(L/ )jΨ(t = t0) +
2∑
j=0
E
(K)
rj(L/ )jΨ(t = t0)
we have,
|
√
(1− µ)F
wˆθˆ
(v, w, ω)| . E2
v+
and similarly,
|
√
(1− µ)F
wˆφˆ
(v, w, ω)| . E2
v+
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7. Appendix: The Schwarzschild Space-Time and Black Holes
General Relativity postulates that space-time is a 4-dimensional Lorentzian mani-
fold (M,g) that satisfies the Einstein equations,
Rµν − 1
2
gµνR = 8πTµν
where Tµν is a symmetric 2-tensor on M that is the stress-energy-momentum tensor
of matter. In vacuum Tµν = 0, thus the Einstein vacuum equations are Rµν −
1
2gµνR = 0. In vacuum, this yields to Rµν =
1
2gµνR and since R = R
i
i by
definition, we get R = gijRij =
1
2g
ijgijR =
4
2R = 2R. This means that in vacuum
R = 0 and therefore the Einstein vacuum equations can be written as the following:
Rµν = 0 (132)
The simplest solution of the Einstein vacuum equations is the 4-dimensional Minkowski
metric, it represents a flat space-time. The first black hole solution of the Einstein
vacuum equations was discovered by Karl Schwarzschild about a month after the
publication of Einstein’s theory of General Relativity. However, it took nearly 50
years from then for it to be fully understood as a black hole space-time. When it
was first discovered, it was to represent the gravitational field outside a spherical,
uncharged, non-rotating star with mass m and was written under the form
ds2 = −(1− 2m
r
)dt2 +
1
(1 − 2m
r
)
dr2 + r2(dθ2 + sin2θdφ2) (133)
It turned out that this solution could be extended, as solutions to the Einstein
vacuum equations (132), to describe the gravitational field inside the star, created
by the mass of the star, and thought of as being there in vacuum, i.e. without the
matter inside the star. The extended Schwarzschild solution is what became to be
known as a black hole space-time. It is also good to note that according to Birkhoff’s
theorem, any spherically symmetric solution of the Einstein vacuum equations is
locally isometric to the Schwarzschild solution. In this sense the Schwarzschild
solution is unique although it can have a different form in a different system of
coordinates.
7.1. The extended Schwarzschild solution.
To obtain the extended Schwarzschild solution, as explained in [HE], first let,
r∗ =
∫
dr
(1− 2m
r
)
= r + 2m log(r − 2m) (134)
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We have,
dr∗ = dr +
2m
r − 2mdr = (1 +
1
r
2m − 1
)dr = (
r
2m
r
2m − 1
)dr
= (
1
1− 2m
r
)dr
Thus, the Schwarzschild space-time in the exterior (133) can be also written as:
ds2 = −(1− 2m
r
)dt2 + (1 − 2m
r
)dr∗2 + r2dσ2 (135)
where dσ2 is the usual metric on the unit sphere.
Let,
v = t+ r∗ (136)
w = t− r∗ (137)
We have
t =
v + w
2
dt =
dv + dw
2
(dt)2 =
dv2
4
+
dw2
4
+
dvdw
2
=
dv2
4
+
dw2
4
+
dv
⊗
dw
4
+
dw
⊗
dv
4
Injecting in (135), we get
ds2 = −(1− 2m
r
)[
dv2
4
+
dw2
4
+
dvdw
2
] + (1− 2m
r
)(dr∗)2 + r2dσ2
We also have
r∗ =
v − w
2
(dr∗)2 = (
dv − dw
2
)2 =
dv2
4
+
dw2
4
− dvdw
2
Therefore,
ds2 = −(1− 2m
r
)[
dv2
4
+
dω2
4
+
dvdw
2
] + (1 − 2m
r
)−1(1 − 2m
r
)2[
dv2
4
+
dω2
4
− dvdw
2
] + r2dσ2
Thus,
ds2 = −(1− 2m
r
)dvdw + r2dσ2
= − (1−
2m
r
)
2
dv
⊗
dw − (1 −
2m
r
)
2
dw
⊗
dv + r2dσ2 (138)
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7.1.1. Kruskal coordinates.
Let v
′
= v
′
(v), w
′
= w
′
(w) where v
′
, w
′
are arbitrary C1 functions.
dv =
dv
dv′
dv
′
dω =
dω
dω′
dω
′
ds2 = −(1− 2m
r
)
dv
dv′
dω
dω′
dv
′
dω
′
+ r2dσ2 (139)
Define,
x
′
=
v
′ − w′
2
(140)
t
′
=
v
′
+ w
′
2
(141)
We get
v
′
= t
′
+ x
′
w
′
= t
′ − x′
and
dv
′
= dt
′
+ dx
′
dω
′
= dt
′ − dx′
Thus,
dv
′
dω
′
= (dt
′
+ dx
′
)(dt
′ − dx′ ) = (dt′)2 − dt′dx′ + dx′dt′ − (dx′)2 = (dt′)2 − (dx′)2
= −(−(dt′)2 + (dx′ )2)
Let,
F 2 = −(−(1− 2m
r
)
dv
dv′
dw
dw′
) = (1− 2m
r
)
dv
dv′
dw
dw′
From (139), we have
(ds
′
)2 = F 2(t
′
, x
′
)(−(dt′)2 + (dx′ )2) + r2dσ2
Kruskal’s choice is:
v
′
= exp(
v
4m
) (142)
w
′
= −exp(− w
4m
) (143)
t
′
=
1
2
(v
′
+ w
′
)
(t
′
)2 =
1
4
[(v
′
)2 + (w
′
)2 + 2v
′
w
′
] =
1
4
(exp(
v
2m
) + exp(− w
2m
) +−2exp(v − w
4m
))
x
′
=
1
2
(v
′ − w′)
(x
′
)2 =
1
4
(exp(
v
2m
) + exp(− w
2m
) + 2exp(
v − w
4m
))
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Computing,
(t
′
)2 − (x′ )2 = −2
4
(exp(
v − w
2m
) + exp(
v − w
2m
)) = −2
2
exp(
v − w
4m
) = −exp(v − w
4m
)
v − w = 2r∗ = 2r + 4m log(r − 2m)
Thus,
(t
′
)2 − (x′)2 = −exp( r
2m
).(r − 2m) (144)
Computing,
dv
′
dv
=
1
4m
exp(
v
4m
),
dw
′
dw
=
1
4m
exp(− w
4m
)
dv
dv′
= 4m.exp(− v
4m
),
dw
dw′
= 4m.exp(
w
4m
)
dv
dv′
dw
dw′
= 16.m2exp(
w − v
4m
)
Therefore,
F 2 = (1 − 2m
r
)16.m2exp(−2r
∗
4m
)
=
(r − 2m)
r
16.m2exp(− 2
4m
(r + 2m log(r − 2m)))
=
(r − 2m)
r
16.m2exp(− 2r
4m
)exp(− log(r − 2m))
=
1
r
.16.m2exp(− r
2m
)
=
16.m2
r
.exp(− r
2m
)
Finally, we obtain,
ds2 =
16m2
r
exp(− r
2m
)(−(dt′)2 + (dx′ )2) + r2(t′ , x′)dσ2 (145)
7.2. The Penrose diagram.
The Penrose diagram, see [HE], is constructed by taking,
v
′′
= arctan(
v
′
2m
) (146)
w
′′
= arctan(
w
′
2m
) (147)
−π < v′′ + w′′ < π (148)
−π
2
< v
′′
<
π
2
(149)
−π
2
< w
′′
<
π
2
(150)
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7.3. The compatible symmetric connection.
Computing the Christoffel symbols for the Schwarzschild metric, we have
Γikl =
1
2
gim(
∂gmk
∂xl
+
∂gml
∂xk
− ∂gkl
∂xm
)
Hence,
Γiθθ =
1
2
gim(
∂gmθ
∂xθ
+
∂gmθ
∂xθ
− ∂gθθ
∂xm
)
We get
Γθθθ =
1
2
gθθ(2
∂gθθ
∂xθ
− ∂gθθ
∂xθ
)
= 0
Γrθθ =
1
2
grr(−∂gθθ
∂xr
)
=
1
2
(1 − µ)(−∂r
2
∂r
)
=
1
2
(1 − µ)(−2r)
= −(1− µ)r
Γtθθ = Γ
φ
θθ = 0
Consequently,
∇θ ∂
∂θ
= −(1− µ)r ∂
∂r
= −r ∂
∂r∗
(151)
We have,
Γiφφ =
1
2
gim(2
∂gmφ
∂xφ
− ∂gφφ
∂xm
)
therefore
Γrφφ =
1
2
grr(2
∂gmφ
∂xφ
− ∂gφφ
∂xr
)
=
1
2
grr(−∂gφφ
∂xr
)
=
1
2
(1− µ)(−2r sin2(θ))
= −r(1 − µ) sin2(θ)
Γθφφ =
1
2
gθθ(−∂gφφ
∂xθ
)
=
1
2r2
gim(−r2 ∂ sin
2(θ)
∂θ
)
=
1
2
(−2 sin(θ) cos(θ))
= − sin(θ) cos(θ)
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We obtain
∇φ ∂
∂φ
= −(1− µ)r sin2(θ) ∂
∂r
− sin(θ) cos(θ) ∂
∂θ
= −r sin2(θ) ∂
∂r∗
− sin(θ) cos(θ) ∂
∂θ
(152)
We also have
Γiθφ =
1
2
gim(
∂gmθ
∂xφ
+
∂gmφ
∂xθ
− ∂gθφ
∂xm
)
=
1
2
gim(
∂gmφ
∂xθ
)
hence
Γφθφ =
1
2
gφφ(
∂gφφ
∂xθ
)
=
1
2r2 sin2(θ)
(
∂r2 sin2(θ)
∂θ
)
=
1
2 sin2(θ)
(2 sin(θ)cos(θ))
=
cos(θ)
sin(θ)
We get
∇θ ∂
∂φ
=
cos(θ)
sin(θ)
∂
∂φ
(153)
We also compute
Γiθt =
1
2
gim(
∂gmθ
∂xt
+
∂gmt
∂xθ
− ∂gθt
∂xm
)
= 0
from which we derive
∇θ ∂
∂t
= 0 (154)
Similarly,
Γiφt = 0
gives
∇φ ∂
∂t
= 0 (155)
Computing
Γitt =
1
2
gim(
∂gmt
∂xt
+
∂gmt
∂xt
− ∂gtt
∂xm
)
=
1
2
gim(− ∂gtt
∂xm
)
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Γrtt =
1
2
grr(−∂gtt
∂xr
)
=
1
2
(1− µ)(∂(1 − µ)
∂r
)
=
µ(1 − µ)
2r
we derive
∇t ∂
∂t
=
µ(1− µ)
2r
∂
∂r
=
µ
2r
∂
∂r∗
(156)
Computing
Γir∗r∗ =
1
2
gim(
∂gmr∗
∂xr∗
+
∂gmr∗
∂xr∗
− ∂gr∗r∗
∂xm
)
Γr
∗
r∗r∗ =
1
2
gr
∗r∗(2
∂gr∗r∗
∂xr∗
− ∂gr∗r∗
∂xr∗
)
=
1
2(1− µ) (2
∂(1− µ)
∂r∗
− ∂(1− µ)
∂r∗
)
=
1
2(1− µ) (
∂(1− µ)
∂r∗
)
=
1
2
(
∂(1 − µ)
∂r
)
=
µ
2r
we obtain
∇r∗ ∂
∂r∗
=
µ
2r
∂
∂r∗
(157)
Computing
Γitr∗ =
1
2
gim(
∂gmt
∂xr∗
+
∂gmr∗
∂xt
− ∂gtr∗
∂xm
)
=
1
2
git(
∂gtt
∂xr∗
)
Γttr∗ =
1
2
gtt(
∂gtt
∂xr∗
)
=
1
2(1− µ) (
∂(1− µ)
∂r∗
)
=
1
2
(
∂(1− µ)
∂r
)
=
µ
2r
we get
∇t ∂
∂r∗
=
µ
2r
∂
∂t
(158)
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We have
Γiθr∗ =
1
2
gim(
∂gmθ
∂xr∗
+
∂gmr∗
∂xθ
− ∂gθr∗
∂xm
)
=
1
2
gim(
∂gmθ
∂r∗
)
Γθθr∗ =
1
2
gθθ(
∂gθθ
∂r∗
)
=
1
2r2
(
∂r2
∂r∗
)
=
(1− µ)
2r2
(
∂r2
∂r
)
=
(1− µ)
2r2
(2r)
=
(1− µ)
r
therefore,
∇θ ∂
∂r∗
=
(1− µ)
r
∂
∂θ
(159)
Computing
Γiφr∗ =
1
2
gim(
∂gmφ
∂xr∗
+
∂gmr∗
∂xφ
− ∂gφr∗
∂xm
)
=
1
2
gim(
∂gmφ
∂r∗
)
Γφφr∗ =
1
2
gφφ(
∂gφφ
∂r∗
)
=
1
2r2 sin2(θ)
(
∂r2 sin2(θ)
∂r∗
)
=
(1− µ)
2r2
(
∂r2
∂r
)
=
(1− µ)
2r2
(2r)
=
(1− µ)
r
we obtain
∇φ ∂
∂r∗
=
(1 − µ)
r
∂
∂φ
(160)
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By letting,
∂ˆ
∂t
=
1√
(1− µ)
∂
∂t
∂ˆ
∂r∗
=
1√
(1− µ)
∂
∂r∗
(161)
∂ˆ
∂θ
=
1
r
∂
∂θ
∂ˆ
∂φ
=
1
r sin θ
∂
∂φ
(162)
we can compute,
∇
θˆ
∂ˆ
∂θ
=
1
r
∇θ ∂ˆ
∂θ
=
1
r2
∇θ ∂
∂θ
= −1
r
∂
∂r∗
= −
√
(1 − µ)
r
∂ˆ
∂r∗
(163)
∇
φˆ
∂ˆ
∂φ
=
1
r2 sin2(θ)
∇φ ∂
∂φ
= −
√
(1 − µ)
r
∂ˆ
∂r∗
− cos(θ)
r sin(θ)
∂ˆ
∂θ
(164)
∇
θˆ
∂ˆ
∂φ
=
1
r
∇θ ∂ˆ
∂φ
=
1
r2
∇θ( 1
sin(θ)
∂
∂φ
)
= − cos(θ)
r2 sin2(θ)
∂
∂φ
+
1
r2 sin(θ)
∇θ ∂
∂φ
= − cos(θ)
r2 sin2(θ)
∂
∂φ
+
cos(θ)
r2 sin2(θ)
∂
∂φ
= 0 (165)
∇
φˆ
∂ˆ
∂θ
=
1
r sin(θ)
∇φ ∂ˆ
∂θ
=
1
r2 sin(θ)
∇φ ∂
∂θ
=
1
r2 sin(θ)
cos(θ)
sin(θ)
∂
∂φ
=
1
r
cos(θ)
sin(θ)
∂ˆ
∂φ
(166)
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∇
θˆ
∂ˆ
∂t
=
1
r
√
(1− µ)∇θ
∂
∂t
= 0 (167)
∇
φˆ
∂ˆ
∂t
=
1
r sin(θ)
√
(1− µ)∇φ
∂
∂t
= 0 (168)
∇tˆ
∂ˆ
∂t
=
1
(1− µ)∇t
∂
∂t
=
µ
2r
√
(1− µ)
∂ˆ
∂r∗
(169)
∇rˆ∗
∂ˆ
∂r∗
=
1√
(1 − µ)∇r
∗
∂ˆ
∂r∗
=
1√
(1− µ)∇r
∗(
1√
(1− µ)
∂
∂r∗
)
=
√
(1 − µ)∇r( 1√
(1− µ) )
∂
∂r∗
+
1
(1− µ)∇r∗
∂
∂r∗
=
√
(1 − µ) (−µ)
2r(1− µ) 32
∂
∂r∗
+
1
(1− µ)∇r∗
∂
∂r∗
=
−µ
2r(1 − µ)
∂
∂r∗
+
1
(1− µ)
µ
2r
∂
∂r∗
= 0 (170)
∇tˆ
∂ˆ
∂r∗
=
1
(1− µ)∇t
∂
∂r∗
=
µ
2r
√
(1− µ)
∂ˆ
∂t
(171)
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∇rˆ∗
∂ˆ
∂t
=
1√
(1− µ)∇r
∗(
1√
(1− µ)
∂
∂t
)
=
1√
(1− µ)∇r
∗(
1√
(1− µ) )
∂
∂t
+
1
(1− µ)∇t
∂
∂r∗
=
√
(1− µ) (−µ)
2r(1 − µ) 32
∂
∂t
+
1
(1 − µ)
µ
2r
∂
∂t
=
−µ
2r(1 − µ)
∂
∂t
+
1
(1 − µ)
µ
2r
∂
∂t
= 0 (172)
∇
θˆ
∂ˆ
∂r∗
=
1
r
√
(1− µ)∇θ
∂
∂r∗
=
√
(1− µ)
r
∂ˆ
∂θ
(173)
∇rˆ∗
∂ˆ
∂θ
=
1√
(1− µ)∇r
∗(
1
r
∂
∂θ
)
=
1√
(1− µ)∇r
∗(
1
r
)
∂
∂θ
+
1
r
√
(1− µ)∇θ
∂
∂r∗
=
√
(1− µ)∇r(1
r
)
∂
∂θ
+
√
(1 − µ)
r
∂ˆ
∂θ
=
−
√
(1− µ)
r2
∂
∂θ
+
√
(1− µ)
r2
∂
∂θ
= 0 (174)
∇
φˆ
∂ˆ
∂r∗
=
1
r sin(θ)
√
(1− µ)∇φ
∂
∂r∗
=
√
(1 − µ)
r
∂ˆ
∂φ
(175)
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∇rˆ∗
∂ˆ
∂φ
=
1√
(1− µ)∇r
∗(
1
r sin(θ)
∂
∂φ
)
=
√
(1− µ)∇r( 1
r sin(θ)
)
∂
∂φ
+
1
r sin(θ)
√
(1− µ)∇φ
∂
∂r∗
=
−
√
(1 − µ)
r2 sin(θ)
∂
∂φ
+
1
r sin(θ)
√
(1− µ)∇φ
∂
∂r∗
=
−
√
(1 − µ)
r2 sin(θ)
∂
∂φ
+
√
(1 − µ)
r2 sin(θ)
∂
∂φ
= 0 (176)
7.4. The deformation tensor.
We start by evaluating
∇ ∂
∂v
∂
∂w
= Γivwei
We have,
Γikl =
1
2
gim(
∂gmk
∂xl
+
∂gml
∂xk
− ∂gkl
∂xm
)
Computing,
Γivw =
1
2
gim(
∂gmv
∂w
+
∂gmw
∂v
− ∂gvw
∂xm
)
we have,
Γvvw =
1
2
gvm(
∂gwv
∂w
+ 0− ∂gvw
∂w
)
= 0
Γwvw =
1
2
gwv(
∂gvv
∂w
+
∂gvw
∂v
− ∂gvw
∂v
)
=
1
2
gwv(0 +
∂gvw
∂v
− ∂gvw
∂v
)
= 0
Γθvw = 0
Γφvw = 0
Thus,
∇v ∂
∂w
= 0
also means,
∇w ∂
∂w
= 0
Now, we want to comupte
Γiww =
1
2
gim(
∂gmw
∂w
+
∂gmw
∂w
− ∂gww
∂xm
)
= gim
∂gmw
∂w
Γivv = g
im ∂gmv
∂v
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We have,
Γvww = g
vw ∂gww
∂w
= 0
and
Γwww = g
vw ∂gvw
∂w
We have,
gvw = −
(1− 2m
r
)
2
and
r∗ =
v − w
2
Computing,
∂r
∂w
=
∂r
∂r∗
∂r∗
∂w
=
−1
2
(1− µ)
where we define µ = 2m
r
. Computing,
∂r
∂v
=
∂r
∂r∗
∂r∗
∂v
=
1
2
(1− µ)
∂gvw
∂r
= −1
2
∂(1− 2m
r
)
∂r
= −m
r2
Thus,
Γwww = g
vw ∂gvw
∂w
= − 2
1− µ
∂gvw
∂r
∂r
∂w
= − 1
1− µ
−2m
r2
(−1
2
(1 − µ)) = −m(1− µ)
r2(1− µ)
= −m
r2
We also have
Γθww = Γ
φ
ww = Γ
v
ww = 0
hence,
∇w ∂
∂w
= −m
r2
∂
∂w
110 SARI GHANEM
On the other hand,
Γvvv = g
wv(
∂gwv
∂v
) = − 2
1− µ
∂gvw
∂r
∂r
∂v
=
2m
r2(1− µ)
∂r
∂v
=
m(1− µ)
r2(1− µ)
=
m
r2
We also have,
Γwvv = g
wv(
∂gvv
∂v
) = 0
and,
Γθvv = Γ
φ
vv = 0
from which
∇v ∂
∂v
=
m
r2
∂
∂v
Computing,
Γiθv =
1
2
gim(
∂gmθ
∂xv
+
∂gmv
∂θ
− ∂gθv
∂xm
)
=
1
2
gim
∂gmθ
∂xv
Γθθv =
1
2
gθθ
∂gθθ
∂v
=
1
2r2
∂(r2)
∂r
∂r
∂v
=
r
2r2
(1 − µ)
=
(1 − µ)
2r
thus,
∇θ ∂
∂v
=
(1− µ)
2r
∂
∂θ
And,
Γiφv =
1
2
gim(
∂gmφ
∂xv
+
∂gmv
∂φ
− ∂gφv
∂xm
)
=
1
2
gim
∂gmφ
∂v
Γφφv =
1
2
gφφ
∂gφφ
∂v
=
1
2r2 sin2 θ
∂(r2 sin2 θ)
∂r
∂r
∂v
=
2r
2r2
1
2
(1− µ)
=
(1− µ)
2r
thus,
∇φ ∂
∂v
=
(1− µ)
2r
∂
∂φ
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Also,
Γiφw =
1
2
gim(
∂gmφ
∂xw
+
∂gmw
∂φ
− ∂gφw
∂xm
)
=
1
2
gim
∂gmφ
∂w
Γφφw =
1
2
gφφ
∂gφφ
∂w
=
1
2r2 sin2 θ
∂(r2 sin2 θ)
∂r
∂r
∂w
= − r
2r2
(1− µ)
= − (1− µ)
2r
thus,
∇φ ∂
∂w
= − (1− µ)
2r
∂
∂φ
We also have,
∇θ ∂
∂w
= − (1− µ)
2r
∂
∂θ
Therefore, in conclusion, we have:
∇w ∂
∂w
= −m
r2
∂
∂w
(177)
∇v ∂
∂v
=
m
r2
∂
∂v
(178)
∇v ∂
∂w
= ∇w ∂
∂v
= 0 (179)
∇θ ∂
∂v
=
(1− µ)
2r
∂
∂θ
(180)
∇θ ∂
∂w
=
−(1− µ)
2r
∂
∂θ
(181)
∇φ ∂
∂v
=
(1− µ)
2r
∂
∂φ
(182)
∇φ ∂
∂w
=
−(1− µ)
2r
∂
∂φ
(183)
Now, let
V = V w(v, w)
∂
∂w
+ V v(v, w)
∂
∂v
(184)
We use the notation V w(v, w) = V w, and V v(v, w) = V v.
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Computing,
∇vV = (∂vV w) ∂
∂w
+ V w(∇v ∂
∂w
) + (∂vV
v)
∂
∂v
+ V v(∇v ∂
∂v
)
= (∂vV
w)
∂
∂w
+ (∂vV
v)
∂
∂v
+ V v
m
r2
∂
∂v
∇wV = (∂wV w) ∂
∂w
+ V w(∇w ∂
∂w
) + (∂wV
v)
∂
∂v
+ V v(∇w ∂
∂v
)
= (∂wV
w)
∂
∂w
− V wm
r2
∂
∂w
+ (∂wV
v)
∂
∂v
∇θV = (∂θV w) ∂
∂w
+ V w(∇θ ∂
∂w
) + (∂θV
v)
∂
∂v
+ V v(∇θ ∂
∂v
)
= V v
(1 − µ)
2r
∂
∂θ
− V w (1− µ)
2r
∂
∂θ
=
(1− µ)
2r
(V v − V w) ∂
∂θ
∇φV = V w(∇φ ∂
∂w
) + V v(∇φ ∂
∂v
)
= V v
(1 − µ)
2r
∂
∂φ
− V w (1− µ)
2r
∂
∂φ
=
(1− µ)
2r
(V v − V w) ∂
∂φ
Therefore,
∇vV = (∂vV w) ∂
∂w
+ (∂vV
v +
m
r2
V v)
∂
∂v
(185)
∇wV = (∂wV v) ∂
∂v
+ (∂wV
w − m
r2
V w)
∂
∂w
(186)
∇θV = (1− µ)
2r
(V v − V w) ∂
∂θ
(187)
∇φV = (1− µ)
2r
(V v − V w) ∂
∂φ
(188)
The deformation tensor is,
παβ(V ) =
1
2
(∇αV β +∇βV α)
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Computing,
πww(V ) = ∇wV w = gvω∇vV w
=
−2
(1 − µ)∂vV
w (189)
πvv(V ) = ∇vV v = gvω∇wV v
=
−2
(1 − µ)∂wV
v (190)
πvw(V ) =
1
2
(∇vV w +∇wV v)
=
1
2
(gvω∇wV w + gwv∇vV v)
=
−1
(1 − µ) [∂vV
v + ∂wV
w +
m
r2
(V v − V w)] (191)
= πwv(V ) (192)
πθθ(V ) = ∇θV θ = gθθ∇θV θ
=
(1 − µ)
2r3
(V v − V w) (193)
πφφ(V ) = ∇φV φ = gφφ∇φV φ
=
(1− µ)
2r3 sin2 θ
(V v − V w) (194)
πθφ(V ) =
1
2
(∇θV φ +∇φV θ)
= 0 = πφθ (195)
πθv(V ) =
1
2
(∇θV v +∇vV θ)
= 0 = πvθ(V ) (196)
πφv(V ) = 0 = πvφ(V ) (197)
πθw(V ) = 0 = πwθ(V ) (198)
πφw(V ) = 0 = πwφ(V ) (199)
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